CHAPTER 10 INFINITE SEQUENCES AND SERIES 



10.1 SEQUENCES 



1-3 



1-4 



1. a! = LI = 0, a 2 = + = - 5 , a 3 = 3/ = - f , a 4 = ^ = 16 



? a —1 — 1 a — 1 — I o 1 1 „ _ 1 — J_ 

1! a 2 91 2 > a 3 3! 6 ’ 4! 34 



Q (“I) 2 1 (-1) 3 

3. ai = = 1, a 2 = 



4-1 



1 ao _ HZ _ 1 - kdl 

3> a 3— 6 — 1 — 5 ’ 34 — 8-1 



4. ai — 2 + (-1 ) 1 = 1, a 2 = 2 + (-1 ) 2 = 3, a 3 = 2 + (-1 ) 3 = 1, a 4 = 2 + (-1 ) 4 = 3 

< a — 2 — Ia- 1 -Ia— 1 — in— 1 — 1 

J. ai 2 J 2 , a 2 2 3 2 ’ a 3 2 4 2 ’ a4 2 5 2 

£ „ _ 2^1 _ 1 _ _ 2 2 — 1 _ 3 „ — 2 3 — 1 _ 7 „ _ 2 4 — 1 _ 15 

D- a l 2 2 ’ 32 2 2 4 ’ a 3 2 3 8 ’ 34 2 4 16 

7 a — 1 n —14-1 — 3 „ 3,1 7 7,1 15 „ . 15 . 1 31 „ _ 63 

/. ai — i , a 2 — i-i-, — 2 , a 3 — 0 + 02 — z. a 4 — Z + 03 — -Q -. a 5 — -o- + — J7-, as — 55 , 



„ _ 127 _ __ 255 „ _ 511 „ _ 1023 

a 7 — 64 > a 8 — !28 > a 9 — 256 ’ ai ° — 512 



O „ |„ 1 „„ (2 ) la ( 6) J_ a (24) _J_ a a- 1 a 1 

o. ai — 1, a 2 — „ , a 3 — , — , a 3 — . — , a^ — - — ido > a 6 — 72 n > a 7 — > a 8 — 



a 9 = 



362,880 



, aio — 



3 — 6 : 

1 

3,628,800 



40,320 



9. ai = 2, a 2 = 



_ (— lr(2) 
2 



_ i „ _ (-DID - _ I „ 

1 , S3 2 2 ’ a 4 



_ (-d 4 (-D _ 

2 



_ 1 . - (-d 5 (-1) _ 1 

4 > d5 — 2 — 8 



a 6 16 ’ 3 7 32 ’ a§ 64 ’ 39 128 ’ 310 256 



10. ai = -2, a 2 = = -1, a 3 = = - §, a 4 = +J 

a 7 7 » a 3 5 , a 9 ^ > aio ^ 



1 „ — 4 '(- j ) _ 2 

2 ’ 35 “ - _ 5 ’ a 6 



11. <+ — 1, 3.2 — 1, 3.3 — 1 + 1 — 2, 3.4 — 2+1 — 3, 3.5 — 3 + 2 — 5, 3 .q — 8, 3.7 — 13, <ig — 21, 3.9 — 34, 3.10 — 55 

12. ai = 2, a 2 = -1, a 3 = - \ , a 4 = +^- = \ , a 5 = +it = -1 , a 6 = - 2 , a 7 = 2, a 8 = -1, a 9 = - a xo = | 



= (— l) n+1 , n = 1,2,... 


14. 


= (— l) n+1 n 2 , n = 1,2,... 


16. 


- 2 "‘ n - 1 2 


18. 


= n 2 - l,n= 1,2, ... 


20. 


= 4n-3,n= 1,2, ... 


22. 


= 3n t 2 , n = 1,2, ... 

n! ’ ’ ’ 


24. 



2d -5 
n(n+l) 



20. a n = n — 4,n=l,2, ... 
22. a n = 4n — 2 , n = 1,2,.., 
24. a n = js+jn = 1, 2, ... 
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570 Chapter 10 Infinite Sequences and Series 



25. a n = 1 + ( ~ 1)n+1 ,n= 1,2, ... 



26. a n = n ^ + ( 2 h "^ ] 



27. n lim c 2 + (0.1 ) n = 2 => converges (Theorem 5, #4) 

28. lim n + f-1) = lim 1 + — — = 1 =>■ converges 

n — > oo n n ^ oo n ° 

1-7 (-) —2 _7 

29. lim k-rrr = lim -m — - = lim = — 1 => converges 

n — > oo i+^n n — >■ oo (y) + 2 n — > oo 2 ° 



30. lim 

n — ► oo 



2n + 1 
1-3^5 




= — oo => diverges 



, - 4 (\)~ 5 

3L n^iPoo ra = n'™oc t + (|)~ = ~ 5 ^ converges 

32- Jhry = n Inry = „ 'iPC rl | 2 =° =4 converges 

33. lim n ~ — 2n . + 1 = lim < n — Dtp— n _ jj m ( n — 1) = oo => diverges 
n — > oo n— l n — > oo n— 1 n — > oo ° 



1 3 I ~2 1 — n 

34 lim ~ ° o = lim 4^4 — = oo =4 diverges 

n^oo 7() ~ 4n n^oo(™j_4 ° 

35. ^liny (1 + (—1)”) does not exist =4 diverges 36. ^liny (^l) n (l — yy) does not exist =4 diverges 

37 - n PPoo (^) (! — 5) = n 'i m oc Q + £) ~ l) = 5 =* converges 

38. n lim o (2 - i) (3 + i) = 6 => converges 39. ^my = ()=>. converges 

— k) — lim Cy- = 0 =4 converges 

4L n'iPV nTT = \J n^Foc (t^t) = => converges 

42. lim tthw; = lim (^)" = oo => diverges 

n — > oo (U.9) n n — > oo v 9 / ° 

43. lim sin (| + -) = sin ( lim (f + -) ] = sin ? = 1 =4 converges 

n — > oo '3 n/ V n — > oo '3 n/l 2 D 



44. lim n7rcos(n7r)= lim (n7r)(— 1)” does not exist =>■ diverges 

n oo n ^ oo D 

45. lim = 0 because — - < 71171 < - => converges by the Sandwich Theorem for sequences 

46. n liny = 0 because 0 < 711112 < T =$. converges by the Sandwich Theorem for sequences 

47. flirty ^= n liny ■>n\ n2 = 0 =4 converges (using l'Hopital's rule) 
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48. n lin) x p = n liin o 3 3^, 3 — ^ Hrn^ 3 (1 6 " 3) — ^lim^ 3(1 " 3) =00 => diverges (using l'Hopital's rule) 



49. lim lnln / i 1> = lim | n+1 l = lim = lim = 0 => converges 

n — ► 00 v n n — > 00 ^ ^ j n — > oo n + 1 n — > oo i + ° 



50. lim r^- = lim tty = 1 => converges 

n — > oo In 2n n — > oo (^J & 



51. lim 8 I,,n — 1 =>- converges (Theorem 5, #3) 



lim 

n — > oc 


_ (0.03) 1/n 


= 1 =>■ converges 


lim 

1 — ► 00 


(i + D“ 


= e 7 => converges 


lim 


(1 - i)“ 


= lim 


[i + ^l 


1 — > 00 




n — > 00 


n 


lim 

1 — > 00 


yion = 


lim 10 1 

n — >00 


/n . n l/n _ 


lim 

1 — > 00 


v n 


¥00 (<^) 2 = 12 = 



57. lim 

n — > <X) 



58. lim 

n — oo 



= e 1 =>• converges (Theorem 5, #5) 



n • n 1//n = 1-1 = 1 => converges (Theorem 5, #3 and #2) 



(n) = "lim 3 nVn = y = 1 => converges (Theorem 5, #3 and #2) 

n— »oo 

(n + 4 ) 1 /( n + 4 ) — x lim_^ x 1 /* = 1 => converges; (let x = n + 4, then use Theorem 5, #2) 



60 



In 1 = 0 => converges 



59. n hm = y = oo =>■ diverges (Theorem 5, #2) 

lim [lnn-ln(n+ 1)1 = lim In (-jM = Inf lim - J tr) = 

n — > oo L v n n = oo Vn+lt V n ^°° n+1 / 

61. lim \/4 n n = lim 4 »”/n = 4-1=4 =>■ converges (Theorem 5, #2) 

n — > oo v n — ) oo v 

3 2 +(!/ n ) — ^lin^ 3 2 • 3 1,/n = 9-1=9 => converges (Theorem 5, #3) 



62. lim \/ 3 2n+1 = lim 

n — > oo v n — > oo 



63. lim ^ = lim 1 ' 2 ' 3 '" (n — — < lim (-) = 0 and ^ > 0 => lim ^ = 0 ^ converges 

n — > oo n n n — > OO n-n-n- • -n-n ~n^oo n n — n ^ oo n n ° 



• (— 4') n , 

64. ^ l |rn x i u L = 0 => converges (Theorem 5, # 6 ) 

65. n^iPoo ra® = n= m oo = 00 ^ diverges (Theorem 5. # 6 ) 

diverges (Theorem 5, # 6 ) 

67. lim = j- m eX p (pL In (1)) = lim exp t ln 1 ~ lnn ) = e " 1 converges 

n^oo'n/ n = oo r Unn V n / / n ^ oo r V In n / ° 



66 . lim ^ = lim 7 ^= = 00 

n — > 00 2 n j” n — » 00 (K) 
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68. lim 



In (l + i) n = In (^lim^ (l + 1)"^ = In e = 1 => converges (Theorem 5, #5) 



69. n ljn^ (|a±i) n = n lm^ exp (n In (|±|)) = exp ( 



In (3n+ 1) — ln(3n — 1) 



) 



= lim exp 

n — > oo 1 



3 3 

3n+ 1 3n — 1 



= n^Poo 6XP ( (3n + lX3n-l) ) = eX P (I) = ^ 



converges 



i i_ 

n+ 1 



70. lim (-j-r)" = lim exp (n In (— ^r)) = lim exp ( lnn l " (n+ll l = lim exp I — - 

n^oo Vn+l/ n ^ oo F v Vn + 1/7 n^oo (;) / n-^oo 1 l ( _ 1 

= n^oo “P (“ n(nTIi) = 



converges 



71. lim ( , x ° . ) 1/,n = lim x ( „ 1 . ) 1//n = x lim exp ( - In ( „ 1 ) ) = x lim exp ( ln(,n + 1) 

n ^ oo 3 2n + 1 7 n — > oo V 2n + 1 / n ^ oo r V n V 2n + 1 II n — >00 1 \ n 

= x n lijn^ exp = xe° = x, x > 0 =X converges 



In 1 - 



72. lim (l — 4) n = lim exp(nln(l — 4)) = lim exp [ — ^ n , n ~ 
n — > oo x n 2 / n — > oo f \ V n 1 ) ) n — > oo r 1 J 

= n lim exp (pr^V) = e° = 1 => converges 



lim exp 

1 — » 00 r 



(1) 


h 








(- 


"Sj 


1 



73. lim T", 6 ", = lim = 0 =>■ converges 

n — > oo 2 n -n! n — > oo n! ° 



(Theorem 5, #6) 



74. lim 

n — » c 

(Theorem 5, #4) 



/10\ n /12\ n flO\ n /120\ n 

111/ — lim ill v 1 1 / — lim v 121 / — H 

nl "“oo (STW - n“Poo ({f)"(^r+Gf)“(M)" “ n - oo (IfTT “ ° 



converges 



75. lim tanh n = lim e " , e " = lim e 2 ! , ] = lim = lim 1 = 1 

n — > oo n ^ oo e n + e n n ^ oo e 2n + 1 n ^ oo 2e 2n n ^ oo 



converges 



76. lim sinh (In n) = lim elnn 0 e = lim n = oo => diverges 

n — > oo n ^ oo i n — » oo ^ ° 



77. lim , , 

n — > oo 2n - 1 



C ix 

w = lim 



lim 

1 — > oo 



’ (n)) ( n 2j 



= lim 



n — > oo —2+| 



converges 



78. lim 

n — > oo 



/ , i N . ( 1 — cos - ) 

nil— cos - ) = lim - — 7 tt n> = h 

\ n/ n — > oo (3) n — 



lim 



>C); 




i 







= n Hin^ sin (p) = 0 => converges 



79. lim 

n — > oo 



Onsinf-U') = lim — ^ — lim — (^)( _ p m cos ( -L 'j = cos 0 = 1 

v \ v n / n^oo n — * 00 n^-oo W n / 

80. lim (3 n + 5 n ) 1/n = lim exp [ln(3 n + 5 n ) 1/n 



converges 



= lim exp 

n — > oo 1 



ln(3 n + 5 n ) 



= lim exp 

n — > oo 1 



3 n ln 3 + 5 n In 5 
3» + 5tt 



= lim exp 

n — > oo r 



r + ln5 

(£) + i 



= lim exp 

n — > oo r 



) In3+ln5 

(if • > 



8 1 . lim tan 1 n = \ => converges 



= exp(ln5) = 5 

82. lim - 4 - tan” 1 n = 0 • ? = 0 =>■ converges 

n — > oo ,/n 2 D 
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83 - n^Poo ( 3 )" + 7 ? = n'iPo ((f)” + ( 75 ) ) = 0 =► converges (Theorem 5, #4) 



84. lim y n 2 + n = lim exp 

n — > oo v n — » oo 1 



In (n 2 + n) 



85. lim = lim 

n — > oo n n — > oo 



200 (In n) 199 _ j im 
n n — > oo 



= exp (^±|) = e° = 1 => converges 

2oo- 199 (inn) _ _ _ _ ij m Ml = 0 =>• converges 
n — » oo n ° 



86. lim = lim 

n — > oo y/n n — > oo 



'( 


5 (In n)^ 


)' 




(^) 





lim 1Q(h ?- n) = lim 8Q(h ?- n) = . . . = lim ^2 = 0 => converges 

n — > oo y/n n — > oo y/n n — > oo y/n ° 



87. lim ( n - \/n 2 - n) = lim (n- Vn 2 - n) f n+ ^Z° > ) = lim = lim ' 

n^oo \ v ) n^oo \ v ) \n + \/n 2 -n/ n — > oo n + Vn 2 -n n — ► oo 1+ A 



_ 1 
2 



converges 

( 1 ^ ( 7n 2 -l + V^+ n\ _ lim 

V \/ n 2 - 1 - \/n 2 + n / V 7n 2 - 1 + 'Jr? + nj n — > oo 



88. lim , 1 , - 

n — » oo y n 2 - 1 - V< n 2 + n 



= lim 



n — > oo 



lim 

n — > oo 



J 1-4 

V n z 



A )/ * + 



i-i) 



/n 2 + n ) 

l 

— = — 2 => converges 

i =0 



-\/n 2 — l + -\/n 2 + n 



1 — n 



89. lim 1 f - dx = lim 1,1 " = lim - = 0 => converges (Theorem 5, #1) 

n-rOO n J i x n ^ oo n n — > oo n ° ’ ' 



90. lim f n dx — lim 

n — > oo J i x p n ^ oo 



_i L_ 

1— p xP -1 



„ 'iPo T^p (nFi - 0 = p^T if P > 1 =► converges 



91. Since a n converges 

=> L = —9 or L = 8; since a n > 0 for n > 



lim a n = L => lim a n + 1 = lim Py- 

n ^ oo n ^ oo + n ^ oo 1 + a„ 

" 1 =>L = 8 



^=>L= T f E ^L(l+L): 



= 72 => L 2 



92. Since a n converges , 

=> L = — 3 or L = 2; since a n > 0 for n > 2 



lim a n 

" — > 00 



lim a n + i = lim ^“-±4 

^ oo 11 + 1 n ^ oo a„ + 2 



=> L = 2 



5a+|=^L=t±|=^L(L + 2)=L + 6 : 



93. 



Since a n converges => lim a„ = L => lim a n + r = lim \/8 + 2a n 

D n ^ oo n ^ oo n ^ oo v 

> 3 => L = 4 



or 



L = 4; since a n > 0 for n 



- L = a/8 + 2L => L 2 - 2L 



94. Since a n converges => n lim^an = L => n ljm^a,, + 1 = n lirn^ y/& + 2a n => L = / 8 + 2L => L 2 — 2L — 8 = 0 => L 
or L = 4; since a n > 0 for n > 2 =>• L = 4 



95. Since a n converges => lim a n = L => lim a n + 1 = lim J 5a n => L = y5L=>L 2 — 5L = 0=>L = 0orL = 5 

° n — > oo n ^ oo n ^ oo v v 

a n > 0 for n > 1 => L = 5 



96. Since a n converges => lim a n = L => lim a n + i = lim (12 — ^/aT) => L 

D n — > oo n — > oo n — » oo V V / 

=> L = 9 or L = 16; since 12 — < 12 for n > 1 =>• L = 9 



^12 - v/L) => L 2 - 25L + 144 



97. a n + i = 2 + — , n > 1, ar —2. Since a n converges => lim a n = L => lim a n +i 

T a„ — D n — > oo n — > oo 

=>L 2 — 2L— 1=0=>L=1± \pl\ since a n > 0 for n> 1=^>L=1 + \pl 




=^L = 2 +I 



0 



= 0 



-2 



-2 



; since 



0 
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98. a n+ i = a/ 1 + a n , n > 1, ai = a/T. Since a n converges => n lim o a n = L => n lin^a n +i = n hm^ + a n => L = y/ 1 + L 
=>L 2 -L-1=0^>L = l± ^ ; since a n > 0 for n > 1 => L = 1 + 2 V ^ 

99. 1, 1,2,4, 8, 16, 32, ... = 1,2°, 2 1 , 2 2 , 2 3 , 2 4 , 2 5 , . . . =*► x x = 1 and x n = 2- 2 forn > 2 



100. (a) 

(b) 



l 2 - 2(1) 2 = -1, 3 2 - 2(2) 2 = 1; let f(a, b) = (a + 2b) 2 - 2(a + b) 2 = a 2 + 4ab + 4b 2 - 2a 2 - 4ab - 2b 2 
= 2b 2 - a 2 ; a 2 - 2b 2 = -1 => f(a,b) = 2b 2 - a 2 = 1; a 2 - 2b 2 = 1 => f(a,b) = 2b 2 - a 2 = -1 



a 2 + 4ab + 4b 2 — 2a 2 — 4ab — 2b 2 ~ (a 2 — 2b 2 



±1 



= 1 2 ± i 



a)- 



,2 2 — ( a+2b ) 2 2 — 

L ~ V a + b ) ~ (a + b) 2 — (a + b) 2 

In the first and second fractions, y n > n. Let § represent the (n — l)th fraction where I > 1 and b > n — 1 
for n a positive integer > 3. Now the nth fraction is a ~ 2 h h and a + b>2b>2n — 2>n =>• y„>n. Thus, 

lim r n = \fl. 

n — > oo v 



101. (a) f(x) = x 2 — 2; the sequence converges to 1.414213562 ss \f2 

(b) f(x) = tan(x) — 1; the sequence converges to 0.7853981635 ~ | 

(c) f(x) = e x ; the sequence 1, 0, — 1, —2, —3, —4, —5, . . . diverges 



102. (a) lim nf(M = lim ^ = lim f(°+Ax)-f(0) = f / (Q) h Ax = 
n^oo Vn ' Ax — > 0 + Ax Ax — > 0 + Ax 

(b) n 1 i?oo n tan_1 (n) = f '(0) = TToT = h f (x) = tan” 1 X 

(c) n Ijm^ 11 (e 1/n — 1) = f'(0) = e° = 1, f(x) = e x — 1 

(d) Jm^ n In (l + \) = f'(0) = ^ = 2, f(x) = In (1 + 2x) 



103. (a) 



(b) 



If a = 2n + 1 , then b = |_fj = L 4n2+4n+1 ] = |2n 2 +2n+|j = 2n 2 + 2n, c = [f] = |"2n 2 + 2n+il 
= 2n 2 + 2n + 1 and a 2 + b 2 = (2n + l) 2 + (2n 2 + 2n) 2 = 4n 2 + 4n + 1 + 4n 4 + 8n 3 + 4n 2 
= 4n 4 + 8n 3 + 8n 2 + 4n + 1 = (2n 2 + 2n + l) 2 = c 2 . 



lim 

a — > oo 




lim 

a — > oo 



2n 2 + 2n 
2n 2 +2n+l 



1 or lim 

a — > <x) 




lim sin 8 = lim sin 8 = 1 

a^oo e^n/2 



104. (a) lim (2n 7 r) 1 ' / ( 2n ) = lim expf 11 ^) 

v n — > oo v 7 n — > oo r \2n/ 




, 'JTk ex P (s) =e ° = l > 



n! « (") \/2mr , Stirlings approximation => \/n! w (") (2n7r) 1 /( 2n ) « s f or i ar g e values of n 



n 




n 

e 


40 


15.76852702 


14.71517765 


50 


19.48325423 


18.39397206 


60 


23.19189561 


22.07276647 



105. (a) 
(b) 



lim 1221 = lim V, = lim = 0 

l — > oo n n — > oo cn c n^oo cn' 



For all e > 0, there exists an N = e ( lnf V c such that n > e d ne) N 
=> n c > i => T<e=> I ^ — 0 1 < e => lim 4=0 

e n c I n c I n — > OO n 



=> In n > — ^4 



=> In n c > In ( 4 ) 



106. Let { a n } and { b n } be sequences both converging to L. Define { c n } by c 2 „ = b n and c 2 „_i — a n , where 

n = 1, 2, 3, . . . . For all e > 0 there exists Nt such that when n > N x then a n L < e and there exists N 2 
such that when n > N2 then |b n — L| < e. If n > 1 + 2max{Ni, N2}, then |c n — L| < e, so { c n } converges to L. 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 





Section 10.1 Sequences 575 



107. lim n 1 /" = lim exp Inn) = lim exp (1) = e° = 1 

n — ' oo n — > oo r \n / n ^ oo r \n/ 

108. lim x 1 / 11 = lim exp f - In x) = e° = 1, because x remains fixed while n gets large 

n — > oo n — > oo r Vn > a a 



109. Assume the hypotheses of the theorem and let e be a positive number. For all e there exists a Ni such that 
when n > Ni then a n L | < <=. => -e < a n L < e => L — e < a n , and there exists a No such that when 
n > N 2 then |c n — L| < e => — e < c„ — L < e => c n < L + e. If n > max{Ni, N 2 }, then 
L — e < a n < b n < c n < L + e =>■ |b n — L| < e =$■ n lim^ b n = L. 



110. Lete > 0. We have f continuous at L =>• there exists 6 so that |x — L| < 6 =$■ |f(x) — f(L)| < e. Also, a n 
exists N so that for n > N |a n — L| < 6. Thus for n > N, |f(a n ) — f(L)| < e =>■ f(a n ) — > f(L). 



there 



3(n + 1) + 1 3n+ 1 

(n+l)+l ^ n+1 



3n + 4 ^ 3n+ 1 
n + 2 n + 1 



111. a n+ i > a n 

=> 4 > : 

=> 1 < 3; the steps are reversible so the sequence is bounded above by 3 



3n 2 + 3n + 4n + 4 > 3n 2 + 6n + n + 2 



4 > 2; the steps are reversible so the sequence is nondecreasing; { ) <3 =$■ 3n+l<3n + 3 



1 12. a n+ i > a n 



(2(n+l) + 3)! > (2n + 3)! 



(2n + 5)! > (2n + 3)! 



(2n + 5)! > (n + 2)! 



((n+l) + l)! ^ (n + 1)! (n + 2)! " (n + 1)! (2n + 3)! ^ (n+1)! 

(2n + 5)(2n + 4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not 



bounded since 



(2n + 3)! 
(n+1)! 



= (2n + 3)(2n + 2)- • -(n + 2) can become as large as we please 



113. a n+ i < a n 



20 + 1 ^ 0+1 2 n 3 n 



2!^ < <" + !)! ^ 2-3 <n 



1 which is true for n > 5; the steps are 



(n+1)! — n! 2 n 3” — n! 

reversible so the sequence is decreasing after as, but it is not nondecreasing for all its terms; ai = 6, a 2 = 18, 
a 3 = 36, a 4 = 54, as = ^ = 64.8 => the sequence is bounded from above by 64.8 



9 ? 1 > 2 

Z n+1 2 n+1 — Z 



2 “ 



1 14. a n+ i > a n 

reversible so the sequence is nondecreasing; 2 — \ ^ < 2 



2 > _j j_ 

n+1 — 2 n +! 2” 



5 (^TT) > - ; the steps are 

the sequence is bounded from above 



115. an=l — j converges because 1 — > 0 by Example 1; also it is a nondecreasing sequence bounded above by 1 



116. a„ = n — i diverges because n — + oo and ^ — > 0 by Example 1, so the sequence is unbounded 

117. a n = — i _ 2_ anc i 0 < 4 < ^ ; since ^ — > 0 (by Example 1) => ^ — > 0, the sequence converges; also it is 

a nondecreasing sequence bounded above by 1 

118. a n = = (|) n — ^ ; the sequence converges to 0 by Theorem 5, #4 

119. a n = ((— l) n + 1) diverges because a n = 0 for n odd, while for n even a n = 2(l + i) converges to 2; it 
diverges by definition of divergence 



120. x n = max {cos 1, cos 2, cos 3, . . . , cos n} and x n+ i = max {cos 1, cos 2, cos 3, . . . , cos (n + 1)} > x n with x n < 1 
so the sequence is nondecreasing and bounded above by 1 => the sequence converges. 

121. a n > a n+ i 1+ J^ — 1+ yn + i~ ~ \/ n + 1 + V 2n 2 + 2n > y/n + \J 2n 2 + 2n o- \J vl + 1 > y/n 

and 1 ~ > \/2 ; thus the sequence is nonincreasing and bounded below by y/2 =>■ it converges 
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122. a n > a n+ i O > (n ^| ) 1 +1 <*=> n 2 + 2n + 1 > n 2 + 2n <=> 1 > 0 and rL ii > 1; thus the sequence is 
nonincreasing and bounded below by 1 => it converges 



123. ^=4+(f) n soa n >a n+1 4 + (f) n > 4 + (|) n+1 ^ (f) n > (f) 



v n+1 



1 > | and 



4 + (|) n > 4; thus the sequence is nonincreasing and bounded below by 4 =>■ it converges 



124. ai = 1, a 2 = 2 - 3, a 3 = 2(2 - 3) - 3 = 2 2 - (2 2 - 1) • 3, a 4 = 2 (2 2 - (2 2 - 1) • 3) - 3 = 2 3 - (2 3 - 1) 3, 
a 5 = 2 [2 3 - (2 3 - 1) 3] - 3 = 2 4 - (2 4 - 1) 3, . . . , a n = 2"- 1 - (2"- 1 -1)3 = 2"- 1 - 3 • 2"- 1 + 3 
= 2 n-1 (l - 3) + 3 = -2 n + 3; a n > a n+1 o -2 n + 3 > -2 n+1 + 3 <=>• -2 n > -2 n+1 1 < 2 

so the sequence is nonincreasing but not bounded below and therefore diverges 



125. Let 0 < M < 1 and let N be an integer greater than . Then n > N = 2 - n > =>• n - nM > M 

=> n>M + nM => n> M(n + 1) => y-2-y > M. 



126. Since Mi is a least upper bound and M 2 is an upper bound, Mi < M 2 . Since M 2 is a least upper bound and Mi 
is an upper bound, M 2 < Mi. We conclude that Mi = M 2 so the least upper bound is unique. 

127. The sequence a n = 1 + L72- j s the sequence | , | , . . . . This sequence is bounded above by | , 
but it clearly does not converge, by definition of convergence. 

128. Let L be the limit of the convergent sequence { a n } . Then by definition of convergence, for | there 
corresponds an N such that for all m and n, m > N => |a m — L| < | and n > N =>■ |a n — L| < |. Now 
|a m - a n | = |a m - L + L — a n | < |a m - L| + |L - a n | < | + | = e whenever m > N and n > N. 

129. Given an e > 0, by definition of convergence there corresponds an N such that for all n > N, 

|Li - a n | < e and |L 2 - a n | < e. Now |L 2 — L x | = |L 2 - a n + a n - Li| < |L 2 - a n | + |a n - Li| < e + e = 2e. 

|L 2 — Li | < 2e says that the difference between two fixed values is smaller than any positive number 2e. 

The only nonnegative number smaller than every positive number is 0, so |Li — L 2 | =0 or Li = L 2 . 

130. Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose 
ranges are a subset of the positive integers. Consider the two subsequences a^n) and a; (n ), where ak(n) — > Li, 

aj( n ) — > L 2 and Li ^ L 2 . Thus |ak(n) — a;( n) | — > |L 4 — L 2 | > 0. So there does not exist N such that for all m, n > N 
=> |a m — a n | < e. So by Exercise 128, the sequence {a n } is not convergent and hence diverges. 

131. a 2 k — > L given an e > 0 there corresponds an Ni such that [2k > Ni =>■ |a 2 k — L| < e] . Similarly, 

a 2 k+i —* L [2k + 1 > N 2 => |a 2 k+i — L| < e] . Let N = max{Ni, N 2 }. Then n > N => |a n — L| < e whether 
n is even or odd, and hence a n — > L. 



132. Assume a n — > 0. This implies that given an e > 0 there corresponds an N such that n > N => |a n — 0| < e 

=> |a n | < e => 1 1 a n 1 1 < e => ||a n | — 0| < e |a n | -> 0. On the other hand, assume | a n | — *■ 0. This implies that 
given an e > 0 there corresponds an N such that for n > N, | |a n | — 0| < e ||a n || < e =£■ |a n | < e 

=>• |a n — 0| < e =£■ a n — > 0. 



133. (a) f(x) = x 2 — a f'(x) = 2x 



x n+ i = x n 



2x„ 



2 X 2 - fx 2 -£ 

v , ZA n v A n c 

Xn +! — 2x n 



x; + a 
2x n 



( Xn+ s;) 



(b) x 4 = 2, x 2 = 1.75, x 3 = 1.732142857, x 4 = 1.73205081, x 5 = 1.732050808; we are finding the positive 
number where x 2 — 3 = 0; that is, where x 2 = 3, x > 0, or where x = y/3 . 
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134. Xl = 1, x 2 = 1 + cos (1) = 1.540302306, x 3 = 1.540302306 + cos (1 + cos (1)) = 1.570791601, 

X4 = 1.570791601 + cos(l. 570791601) = 1.570796327 = | to 9 decimal places. After a few steps, the 
arc (x n _f ) and line segment cos (x n _ 1 ) are nearly the same as the quarter circle. 

135-146. Example CAS Commands: 

Mathematica : (sequence functions may vary): 

Clearfa, n] 
a[n_]; = n 1/n 

first25= Table[N[a[n]],{n, 1,25}] 

Limit[a[n], n — » 8] 

Mathematica : (sequence functions may vary): 

Clearfa, n] 
a[n_]; = n 1/n 

first25= Table[NLa[n]],{n, 1,25}] 

Limitfafn], n — » 8] 

The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table 
to more than the first 25 values. 

If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the 
limit, do the following. 

ClearfminN, lim] 
lim= 1 

Do[ { diff=Abs[a[n] - lim], Iffdiff < .01, {minN= n, AbortL]}}}, {n, 2, 1000}} 
minN 

For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores 
the elements of the sequence and helps to streamline computation. 

Clearfa, n] 
a[l]=l; 

afnj; = a[n]= afn - 1] + (l/5) (n - 1; * 
first25= TablefNfafn]], fn, 1,25}] 

The limit command does not work in this case, but the limit can be observed as 1.25. 

ClearfminN, lim] 
lim= 1.25 

Do[ { diff=Abs[a[n] - lim}, Iffdiff < .01, fminN= n, Abortf]}}}, fn, 2, 1000}] 
minN 



10.2 INFINITE SERIES 



1. s 



n 



a(l-r°) 
(1 -D 



2 0 -an 

i-(S) 



lim s n 

n — > oo 



i -G) 



= 3 



_ 3 (1 — r") _ (4)(1 -(^n 
O-r) - l-Qj) 



lim s n 

1 — > 00 




jp 

li 



3. s n 



(1 — r ) " 1-(S) 



lim s n 

1 — > OO 



1 




2 

3 



4. s n = , a geometric series where |r| > 1 =>• divergence 



5. I = _J i 

(n + l)(n + 2) n + 1 n + 2 



= (I - I) + (I- J) + — + (irH ~ iria) 



1 

n + 2 



lim s n 

n — > oo 11 



1 

2 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison- Wesley. 




578 Chapter 10 Infinite Sequences and Series 



6 . 



^ = => s n = (s - f) + (§-!) + (f -!) + ••• + (^ -!) + (!- ^) = 5 - ^ 

=> lim s n = 5 

n — > oo 



7. 1 — j + tf — h 4- ■■■ , the sum of this geometric series is - — j — ^ = - — 1 . , = — ^ 

4 10 04 1 ““ (- i) 1 + V 4/ 3 



(g) - 1 



8. ^ + 25 g + • • • , the sum of this geometric series is j _ 16 ^ = ^ 



9. | ^ + . . . , the sum of this geometric series is 1 = | 



10. 5 -*■ | + ^ ^ + . . . , the sum of this geometric series is - _ ^ _ i ^ = 4 

11. (5 + 1) + (| + |) + (| + |) + (| + ^) + . . . , is the sum of two geometric series; the sum is 

_5 L 1 _ IQ I 3 _ 23 

1-(I) + 1-0) “ 1U+ 2 - 2 

12. (5 — 1) + (| -<■ |) + (| — + (| — Yj) + . . . , is the difference of two geometric series; the sum is 

5 1 _ m 3 17 

T^Ti) T^f) - iu 2-2 

13. (1 + 1) + (f — i) + Q + + (| — jij) + . . . , is the sum of two geometric series; the sum is 

l 1 - ? + 5 _ 17 

1 - (I) + 1 + 0) ~ z+ 6 - 6 



14. 2+| + |= + p|| + ... = 2 (l + | + ^ + jfj + ...); the sum of this geometric series is 2 



to 

3 



15. Series is geometric with r = 



< 1 = 3 - Converges to yE; = 



16. Series is geometric with r = — 3 => 




> 1 => Diverges 



17. Series is geometric with r 



< 1 => Converges to — 

1 8 



1 

7 



18. Series is geometric with r = — | 




< 1 => Converges to 




2 

5 



OO 

19. 0.23 = E rn (tst)" 

n=0 




23 

99 



20. 0.234 



234 , 


( M n - . 


^ 1000 ) 


234 


1000 1 


Uo 3 J ~ . 


1 “ (iSoo) 


— 999 



21. °7 = E To (ra) n 

n=0 




22. o.d = E is 







d 

9 



23. 0.06 = E (h) (&)(&)“ 

n=0 




_6_ J_ 

90 — 15 



24. 



OO 

1.414 = 1 + E 



n=0 



1414 3 

414 tj_3 n _ 1 , Vioooj 
1000 V 10 3 7 1 f , _ ( 1 3 

1 1 1000 ) 



1 + ^ 
1 ^ 999 



1413 

999 
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25. 1. 



oo 

1 TAVr* — 124 i V 123 ( J\" _ 124 , VlQV _ 124 , 123 

— 100 -I- 10= V 10 3 / — 100 I" , (J_\ — 100 “ r 10 5 -10 2 

n=0 1 ( lo 3 / 



_ 124 . 123 _ 123.999 _ 41,333 

— 100 99,900 — 99,900 — 33,300 



26. 3.142857 = 3 + £ 1^2 ( T i ff ) n = 3 + 



f 142,857 4 

k 10 6 ) 



_ o , 142.857 _ 3,142,854 _ 116,402 
— J + 10 6 _ i — 999,999 — 37,037 



27. lim = lim j = 1 ^ 0 =>■ diverges 



28. lim , = lim 2 ‘Ts~‘Lfi — lim ( = lim | = 1 ^ 0 =>- diverges 

n^oo (n + 2)(n + 3) n 2 4-5n4-6 2n + 5 ^^2 7" a 



29. lim — = 0 => test inconclusive 

n— >oo n_t_4 



30. lim — lim J- = 0 =>■ test inconclusive 

n— >oo n " + 3 n-»oo 2n 



31. lim cos - = cosO = 1 ^ 0 =4> diverges 

n— >00 n 

32. lim ^ = lim = lim f = lim } = 1 / 0 => diverges 



33. lim In 4 = — oo 7 ^ 0 =^- diverges 



34. lim cos n tt = does not exist => diverges 



35. S k - (l - i) + (i - i) + (i - \) + ... + ( J7TT - e) + (e - k + r) - 1 ~ ktfl =*> S k 

= k H m (l — j— j-j-) = 1, series converges to 1 



36. s k - (f - |) + (| - |) + (| - + ... 4- ((^TF - p) + (p ~ Fi+Tj 1 ) 

(3 — (k + 1)2 ) = 3, series converges to 3 



= 3 - 



(7T7f =► k 1 ^ * 



= k 1 i m 00 l 3 ^(fT7^ 



37. s k = (in - InVT) + (lny/3 - lny/ 2 ) + (lny/4 - lny^) + . . . + (lny/k - Inv/k - l) + (ln^/kT 1 - ln^k) 

= In + 1 — 1 n \/T = lny/k + 1 =4> lim s k = lim In y/k + 1 = 00 ; series diverges 

k — > 00 k — > 00 



38. Sk = (tan 1 — tanO) + (tan 2 — tan 1) + (tan 3 — tan 2) + . . . + (tank — tan (k — 1)) + (tan (k + 1) — tank) 

= tan (k + 1) — tan 0 = tan (k + 1) =>■ lim sk = lim tan (k + 1) = does not exist; series diverges 

k — > 00 k — > 00 

39. s k = (cos -1 (2) - cos -1 (|)) + (cos -1 Q) - cos -1 (|)) + (cos -1 (4) - cos -1 (4)) + ... 

+ (cos -1 (i) -cos -1 ^)) + (cos-^k^i) - cos -1 (1^2)) = f -COS - ^^) 

I" 7T 1 ( 1 \"| 7T 7 T 7 r t „ 7T 



lim Sk = lim 

k — > 00 k — > 00 



| — COS 



-'(ris) 



= | | series converges to | 



40. s k = 



4 + 



(v^- v/5) + (yi-y/b) 



— \J k + 4 — 2 => lim s k = lim y/k + 4 — 2 

k — > 00 k-too 1 



6 ) + . . . + (\/k + 3 — y/k+~2j + (\/k + 4 — \/ k + 3^ 
= 00 ; series diverges 
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41. 



(4n - 3)(4n + 1) 
+ ( 4 k -3 — 



4n — 3 

— 1 = 1 
4k + 1 ) 1 



^ => 8 k= ( 1 _l) + (l_l) + (l_^)+.. 

1 =* k 1 i m oo Sk = k 1 i m oc (^4kTT) = l 



■+( 



4k - 7 4k — 37 



4k + 1 



42. 



B A(2n + 1) + B(2n- 1) 

2n+l (2n — l)(2n + 1) 



(2n-l)(2n+l) 2n - 1 

2A + 2B = 0 f A + B = 0 



A(2n + 1) + B(2n - 1) = 6 => (2A + 2B)n + (A - B) 



A- B = 6 \ A-B = 6 

= 3(1 A 

L 1 ™,, 3 (1 - srin) = 3 



=>• 2A = 6 =>• A = 3 and B = —3. Hence, £ 75—3 



(2n — l)(2n + 1) 



I_1 . 1_1 i 1 | 1 

3 T 3 5^5 7 ^ ‘ ‘ • 2(k — 1) + 1 ' 2k — 1 



1 

2k + 1 



) — 3 { 1 2k + 1 ) 



= 3E(5Jn 

n=l 



the sum is 



43. 



40n 



A(2n— l)(2n+l) 2 + B(2n+1) 2 + C(2n+l)(2n-l) 2 + D(2n-1) 2 



(2n— l) 2 (2n+l) 2 — (2n-l) ~ (2n-l) 2 ~ (2n+l) ~ (2n+l) 2 — (2n-p 2 (2n+l) 2 

=> A(2n - l)(2n + l) 2 + B(2n + l) 2 + C(2n + l)(2n - l) 2 + D(2n - l) 2 = 40n 
=7> A (8n 3 + 4n 2 - 2n - 1) + B (4n 2 + 4n + 1) + C (8n 3 — 4n 2 — 2n + 1) = D (4n 2 - 4n + 1) = 40n 
=> (8A + 8C)n 3 + (4A + 4B - 4C + 4D)n 2 + (-2A + 4B - 2C - 4D)n + (-A + B + C + D) = 40n 
( 8A + 8C= 0 ( 8A + 8C= 0 



4A + 4B - 4C + 4D = 0 
— 2A + 4B - 2C - 4D = 40 
-A+ B + C+ D = 0 



and D = — 5 



A + C = 0 
—A + 5+ C — 5 = 0 



A + B-C+ D= 0 ^ 
-A + 2B - C — 2D = 20 ^ 
—A -r B + C + D 0 

k 

C = 0 and A = 0. Hence, £ 



B + D = 0 

2B - 2D = 20 



40n 



k 

= 5£ 

n=l L 



1 



(2n— l) 2 (2n+l) 2 



= 5 



(l _ I + I 

\ 1 9 ' 9 



A + A 

25 ~ 25 



1 



+ 



(2n— l) 2 (2n+l) 2 
1 1 



(2(k-l)+ l) 2 ' (2k— l) 2 (2k+l) 2 



= 5 



(* (2k+l) 2 ) 



the sum is lim 5 1 

n — > oo 



(* (2k+l) 2 ) 



= 5 



4B = 20 



44 3n+ 1 — A _ 1 

n 2 (n+l) 2 n 2 (n + l) 2 



45. S k = 



c — > 00 


k — > 00 


(l_ jC 


) + ( J_ 


l 1 s/2. 


) + Va/2 


lim Sc 


= lim 


c — > 00 


k — > 00 



* 3 k =(i-i)+a-i)+a-^)+- + 

1 _ (k+ l) 2 I = 1 



1 


1 


+ 


1 


1 


[(k- t) 2 


k 2 


k 2 


(k + l) 2 



= 1 



46. s k - (i - 2 ^ 2 ) + + (^73 ~ 2 ^) + ••• + " zk) + ( 217 = - jw) - I “ ymr) 

=> lim s k =i — I = —l 
k — > 00 2 1 2 

47. S k = ( ^73 in"2 ) 5" ( i^"4 hi~3 ) ”^ ( iIT5 Iii"4 ) A . . . A ^ ln(k + 1) — Ink) + (ln(k + 2) ~ ln(k+ 1)) 



ETz + ElkTA =► Sk = - ET2 



48. s k = [tan 1 (1) — tan 1 (2)] + [tan 1 (2) — tan 1 (3)] + . . . + [tan 1 (k — 1) — tan 1 (k)] 

+ [tan -1 (k) — tan -1 (k + 1)1 = tan -1 (1) — tan -1 (k + 1) =>■ lim s k = tan -1 (1) — | = J — ? = — ? 

k — > OO 2 4 Z 4 



49. convergent geometric series with sum = '/ 1 = 2 + 

1 - (l7l) %/2 "‘ 



50. divergent geometric series with |r| = \[2 >1 51. convergent geometric series with sum — 



6 



2n + 1 



B = 5 
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52. n lirn^ (— l) n+ n / 0 => diverges 



53. lim cos(n7r)= lim (— l) n ^0 => diverges 

n ^ oo n — > oo ' 



54. cos(n7r) = (— l) n => convergent geometric series with sum 



1 _ 5 

N) ” 5 



55. convergent geometric series with sum 



1 _ e 2 

. tit “ e 2 -t 



56. n hm o In ^ — oo 7^ 0 => diverges 



57. convergent geometric series with sum — By — 2 = — T = l 



58. convergent geometric series with sum - — By = Br 



59. difference of two geometric series with sum — Br Br = 3 — I = 

1 0 ) ' 0 ) 

60. lim (l — -) n = lim (l + — ) n = e _1 7^ 0 => diverges 

n — > oo x n/ n — > oo x n / ' & 



6L „!i m uB = 00 / 0 diverges 



62. lim ^ = lim > \[ m n = O0 

n — > 00 n! n — > 00 i-^ -n n — > oo 



diverges 



OOOOOO 



63. E = Elf+Eii=E (2)" + E (?)“; both = E (5)" and E (?) n are geometric series, and both converge 



n=l n=l n=l n=l 



00 1 00 3 

since r = \ => d < 1 and r = \=$> \ <1, respectivley => E B" - Br = 1 and E (i)" = Bt = 3 => 

n=l 2 n=l 4 

00 

E BjB = 1 + 3 = 4 by Theorem 8, part (1) 



ar+i _ 1 



64. lim = lim f? — - = lim yB — - = } = 1 7^ 0 => diverges by n th term test for divergence 

n— >00 n— >00 4ir + 1 n — >oo (,4) +1 1 



65. E In (Bl) = E [ln(n) - ln(n + 1)] => s k = [ln(l) - In (2)] + [In (2) - In (3)] + [In (3) - In (4)] + 

n=l n=l 

+ [In (k — 1) — In (k)] + [In (k) — In (k + 1 )] = — In (k + 1 ) => lim s^ = ^oo, => diverges 

k — > oo 

66- a n = n I hn^ In (y^r) = In Q) + 0 => diverges 

67. convergent geometric series with sum _ 1 . ^ = yB 



68. divergent geometric series with |r| = % 



^ 23.141 ^ 1 
7r« ~ 22.459 ^ 1 



69. E (— l) n x° = E ( — ■ x )“; a = 1, r = — x; converges to { _[_ x) = By f° r l x l < 1 



70. E (— l) n x 2n = E (— x 2 )”; a = 1, r = —x 2 ; converges to yyB f° r l x l < 1 
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71. a = 3, r = Y+ ; converges to — ? _ t 



for — 1 < X 2 1 <lor— l<x<3 



72. E 4^ {jTSrS = £ 5 ( 3 + 7 b) n ; a = 5 > r = I+7b ; converges to — 4^ 



3 + sin x — 3 + Sln x for all x (since \ < t— -■ — < 1 for all x) 

V 4 — 3 + sinx — 2 / 



n=0 n=0 

3 + sin x 3 + sin x 

2(4 + sin x) 8 + 2 sin x 



73. a = 1, r = 2x; converges to l } 2x for |2x| < 1 or |x| < \ 

74. a = 1, r = — ^ ; converges to - — for x ‘ ; , | < 1 or |x| > 1. 

75. a = 1, r = — (x + l) n ; converges to t — ( 3 + ^ for |x + 1| < 1 or — 2 < x < 0 

76. a = 1, r = Ep • converges to — A , = E~t f° r | |<lorl<x<5 

77. a = 1, r = sin x; converges to j _ 1 } for x E (2k + 1) | , k an integer 

78. a = 1, r = In x; converges to x _ 1 ln for |ln x| < 1 or e~ : < x < e 



79. (a) E 



(n + 4)(n + 5) 



(b) E 



n=0 



(n + 2)(n + 3) 






(n-3)(n-2) 



80. (a) E 



(n + 2)(n + 3) 



(b) E 



(n — 2)(n — 1) 



(c) E 



(n- 19)(n- 18) 



81. (a) one example isl + 2 + | + ^+ ... 

3 3 3 3 



i- m 



= 1 



(b) one example is 



2 4 8 16 



1-1 



= -3 



(c) one example isl — ^ — 2. — 1 — _L — 



— 1 w_ - o 

_1 



82. The series E k(^) n+1 is a geometric series whose sum is = k where k can be any positive or negative number. 



OO OO OO OO / \ OO 

83. Let a n = b n = (|) n . Then £ a „ = E b n = £ Q)" = 1, while E ( jr ) = E C 1 ) diverges. 

n=l n=l n=l n=l x n=l 



OO OO 



84. Let a n = b„ = (2) n . Then E a„ = E b„ = E Q)” = C while E (a n b n ) = E Q)" = | E AB. 



n=l n=l n=l 



oo oo oo / \ oo 

85. Let a n = (l) n andb n = (2)". Then A = E a n = | , B = E b n = 1 and E = E G)" = 1 ^ I • 

n=l n=l n=l x n=l 



86 



. Yes: E (£) diverges. The reasoning: E a n converges => a n — » 0 
nth-Term Test. 



E (rj diverges by 



the 
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87. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series 
that diverges does not change the divergence of the series. 

88. Let A n = ai + a 2 + • . . + a n and lim A n = A. Assume (a n + b n ) converges to S. Let 



Sn — (ai + bi) + (a 2 + b 2 ) + . . . + (a n + b n ) => S n — (ai + a 2 + . . . + a n ) + (bi + bo + . . . + b n ) 
=> bi + b 2 + . . . + b n = S n - A n => n lim^ (bi + b 2 + . . . + b n ) = S - A => J2 bn converges, 
contradicts the assumption that b n diverges; therefore, ( a n + b n ) diverges. 



89. (a) A,=5 => l = l-r =*■ r = | ; 2 + 2 (|) + 2 (f ) s + . . . 

(b) M = 5 =9 H = l-r ( it) + ¥ ( A ) “ ' ¥ ( ill )’ 



+ ... 



90. 1 + e b + e 2b + . . . = = 9 => \ = 1 - e b 



~b 8 

c — n 



b = M!) 



91. s„ = 1 + 2r + r 2 + 2r* + r 4 + 2r 5 + . . . + r 2n + 2r 2n+1 , n = 0, 1, . . . 

=> Sn = (1 + r 2 + r 4 + . . . + r 2n ) + (2r + 2r 3 + 2r 5 + . . . + 2r 2n+1 ) =>• n jim s n = ^ + jK 
= |±|,if|r 2 | < 1 or |r| < 1 

09 T _ „ — a _ a ( 1 -r°) ai° 

y — L 1 — r 1 — r — 1 -r 



93. area = 2 2 + 



( A ) 3 + ( u 2 + (^) 3 + - = 



94. (a) L, = 3, L, = 3 (1) , L 3 = 3 (l) 2 L, = 3 (|)-' => ^ L, = Jim. 3 (f )"' = oo 

(b) Using the fact that the area of an equilateral triangle of side length s is ^s 2 ,we see that A | — 73 , 
A 2 = Ai + 3(^0 (j) 2 = H ’ A 3 = A 2 + 3(4)(^0 (^) 2 = ^ H + -2T > 

A 4 = A 3 + 3(4) 2 (A) 2 , A 5 = A 4 + 3 (4) 3 (^) 2 , . . . , 

A 

A t 

k=2 V ' 



n = # + E 3(4) k - 2 (f ) (A) k -' = f + ± 3^3(4) k - 3 (I)"" 1 = f + 3 ^ (± P) . 

k=2 V 7 k=2 \k=2 / 

# + ^(i £j)) - # T 33 / 3 ( 1 ^) - f + 3^3(^) = ^(1 + |) 



lim A n = lim . , 

n — >00 n ^ oo v 4 



= ^(I) = fAl 



10.3 THE INTEGRAL TEST 



/ »oo /"»b 

\ dx = lim I \ dx 

1 x b — > 00 J 1 x 

/ •OO OO 

\ dx converges => Y] 4 converges 
1 x .. . n 



= lim 

b — > oo 1 



2. f(x) — J i2 is positive, continuous, and decreasing for x > 1; x J 2 dx — ^ lim J l2 dx — ^ lim 



5„0.8 

4 X 



/ •OO OO 

j ^2 dx diverges =4> ^ ^ diverges 



n=l 
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/ .o° p b 

2 * dx = lim I 2 \a dx = lim 

1 X + 4 J-j ^ qq J 1 X +4 v p 



b — > oo L 



2 tan 'l 



/ *00 OO 

, ^4 dx converges => E jrpj conver g es 



n— 1 



4. f(x) = — Cr is positive, continuous, and decreasing for x > 1; I 1 . dx = lim f — j-r dx = lim 

W x + 4 F ° - Jl x + 4 b^oo J j x 4 - 4 b ^OO L 



ln|x + 4| 



r°° 1 00 1 

= ^lim (ln|b + 4\ — In 5) = 00 =t> J | x _|_ 4 dx diverges => J] r diverges 



-2x - 



poo 

j e~ 2x dx = lim 


r » b 

j e _2x dx = lim 


— le~ 2x " 


'' 1 b — > oo * 


' 1 b — > oo 


2 



noc OO 

= ^lim ( — + 2 ?) = 2 ? => J l e _2x dx converges => J^e -2n converges 



n— 1 



J »oo r»b 

1 2 dx = lim I — ^ 

v , 2 x(lnx) h > r>n *-'2 x(ln 



(In 



b — > 00 ^2 x(ln 



dx = lim 

b — > 00 L 



1 

lnx 



J »oo OO 

2 J,r dx conver g e s => E n( 4,, converges 



7. f(x) = is positive and continuous for x > 1, f '(x) = ^ 4 2 + x ^ < 0 for x > 2, thus f is decreasing for x > 3; 



J »oo p b 

dx = lim -£-r dx = lim ±ln(x 2 + 4) 

3 =?+4 b — > oo 1+4 b — > oo L 2 V ' 

OO OO OO 

diverges => E ^diverges =>• E ^ = j + f + E 51^4 diverges 

n=3 n=l n— 3 



j3 = b lim x (|ln(b 2 + 4) - jln(13)) = 00 => £ ^ dx 



8 . f(x) = is positive and continuous for x > 2, f '(x) = 2 Jf x ~ < 0 for x > e, thus f is decreasing for x > 3; 

Ob ^ r lb 

b — > 00 J 3 x b — > 00 L v 'Is b — > 00 

, 00 . OO - 

> In it /liuafrrQo _v In IT _ In 4 I lnn z 



r°° i 2 r*b l2 i b p oo 2 

J 3 dx = lim J 3 dx = lim 2(lnx) = lim (2(lnb) — 2(ln3)) = oo => J 3 dx 



diverges => J] ^-diverges => ^ = ^ + XI „ diverges 

n=3 n=2 n=3 



9. f(x) = is positive and continuous for x > 1, f '(x) = < 0 for x > 6 , thus f is decreasing for x > 7; 



J »00 9 pb 

-Cj dx — lim I -fj 

7 e / b^oo J 7 eV 



dx = lim 

b — > oo L 



3x 2 18x 54 

1 x 73 ~x /3 ~x /3 



= lim 

7 b — > 00 



( 



-3b 2 -18b -54 , 327 



8 ) 



= lim 

b — > oo 



6 e b /3 18) ) + = lim (^) + => f dx converges => E ^converges 

\ / b oo n=7 



=> E^3 = eW + e^ + ? + ?^ + ?^ + f + E^3 converges 



n=l 



10. f(x) = x2 x 2x 4 + 1 = ^ is continuous for x > 2, f is positive for x > 4, and f '(x) = J x 3 < 0 for x > 7, thus f is 



X o° 

x ~ 4 . 2 dx = lim 

• (X — 1 ) h — » r 



= lim 

b — > oo L 



8 ( x — 1 )“ b — » oo 

b 



f b x-1 d _ f b 

J s(x _l) 2ax Js 



s (x-i y 



dx 



= lim 

b — > oo 



ln|x- 1| + = b li;n = (ln|b-l| + l 4 1 -ln7-5)=oo- Jt |i |f 



JT 



f”_L_ dx _ f b 3 

Jg x-1 UA J 8 (x — 1 )' 

4 dx diverges 



dx 



E n 2 -2n+l diver g es => E n 2 — 2n + 1 = ~ 2 ~ l + 0 + T6 + T S + M + E n 2 - 2n+ 1 diverges 

n=8 n— 2 n— 8 



11 . converges; a geometric series with r = -k < 1 12 . converges; a geometric series with r = i<i 

13. diverges; by the nth-Term Test for Divergence, n lim^ — 1 / 0 
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14. diverges by the Integral Test; J - 5 t dx = 5 In (n + 1) — 5 In 2 => j - | ( dx — » oo 



15. diverges; - 4 - = 3 - 4 - , which is a divergent p-series (p = i) 

11=1 v n=l v 



16. converges; J] — j- = —2 ^ , which is a convergent p-series (p = |) 

n=l * n=l 



17. converges; a geometric series with r = l < 1 



18. diverges;^ = — 8 h and since i diverges, —8 ^ j diverges 



n n n oo 

19. diverges by the Integral Test: J 2 dx = | (In 2 n — In 2) => J 2 lj ^ dx — > oo 



I" t = In x 

20. diverges by the Integral Test: ^ dx; dt = d x x 

dx = e* dt_ 

= lim [2e b / 2 (b - 2) - 2e( ln2) / 2 (ln 2-2)1 = oo 
b — > oo L J 



f te ( / 2 dt = lim [2te 1 / 2 — 4e t / 2 ] ' 

In 2 K — i. ™ L J 1 



21. converges; a geometric series with r = I < 1 



22. diverges; lim 75=^ = lim = li m (rl) (I)" = 00 7^ 0 

0 n^oo 4" + 3 n — > oo 4 n In 4 n ^ 0o Vln4/V4/' ' 



23. diverges; jjTy = — 2 J2 n + i > which diverges by the Integral Test 



nn 

24. diverges by the Integral Test: J 2x _ { = \ ln(2n — 1) — » ooasn — » oo 

25. diverges; lim a n = lim -^-r = lim 2 °! n2 = oo 7^ 0 

° n — >oo n — > oo n + i n ^ oo i ' 



26. diverges by the Integral Test: £ -^7%^ ; du = d T -»■ jj" 77 = In ( y/n + l) - In 2 -> 00 as n -*■ 00 

L \A J 



27. diverges; lim = lim = lim = 00 7^ 0 

0 n — oo lnn n^oo f 1 ] n — >00 4 ' 



28. diverges; lim a n = lim fl + i) n = e^O 

29. diverges; a geometric series with r = pO « 1.44 > 1 



30. converges; a geometric series with r = ^ ~ 0-91 < 1 



converges by the Integral Test: J y 



u = In x 

3 (In x) v/(ln x) 2 - 1 ^ X ’ du = - dx 



r°° 1 

J In 3 u\/ u 2 — 1 
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= lim [sec 1 |u|] l , = lim [sec 1 b — sec 1 (In 3)] = lim [cos 1 (1) — sec 1 (In 3)1 

b — > oo b — > oo b — > oo L VD/ J 

= cos 1 (0) - sec' 1 (In 3) = § - sec' 1 (In 3) « 1.1439 



/ »CJO ^00 ( I ) 

, x(l+ln 2 x) dX - J TTOnx ) 1 dX ' 

= lim [tan' 1 u]„ = lim (tan' 1 b — tan' 1 0) = ? — 0 = ? 

b^oo b ^ oo i 1 



u = In x 
du = - dx 



J »QO 

o T+u 1 du 



33. diverges by the nth-Term Test for divergence; n hm^ n sin (n) ~ n ^Poc ^(i ) — li m () = 1^0 

tan(i) 



34. diverges by the nth-Term Test for divergence; n hm^ n tan Q) = n hm^ ~(Ty 

— lim sec 2 (-) = sec 2 0=1^0 
n — >oo V n/ ' 



lim 

n — > oo 



roc x 

35. converges by the Integral Test: J ] e2 , : dx; 



r°° x 

/ e Hy* 


u — e x 


Jl 1 +e 2x tlX ' 


du = e x dx 



= lim (tan 1 b — tan 1 e) = | — tan 1 e « 0.35 

b — > oo V ’ 2 



f 00 ? 

36. converges by the Integral Test: J l dx; 



u = e x 
du = e x dx 
dx = - du 



J '°° 1 it 

-j—p — o du = lim [tan -1 ul 

e 1 + u 2 n — > 00 L J £ 



L uiT^) du =/ e (u-utl) dU 



= b^oo [ 2 ln S+ll e = 2 ln (b+u) - 2 ln (rfr) = 2 In 1 - 2 In (^) = -2 In (^) « 0.63 



poc _2 

37. converges by the Integral Test: J 8 1 ta ^ x2 x dx; 

poo 

38. diverges by the Integral Test: J dx; 



du = T+x 5 J 



/X 2 8udu=[4u 2 ]^: = 4(^-g) 



37T 2 

4 



U = X 2 + 1 

du = 2x dx 



J »oc u 

%= lim [ilnu] 2 = lim l(lnb-ln2) 

2 ^ b ^ 00 LZ J 2 h no / 



b — ► OO 



39 



/ •oo nb x b 

sech x dx = 2 lim I — - — j dx = 2 lim [tan” 1 e x ] . 

1 b — > oo ** 1 1 + (e x ) h — > oo 



b — » oo 



= 2 lim (tan 1 e b — tan 1 e) = tt — 2 tan 1 e « 0.71 

b — > oo 



r°° r* 5 ^ 

40. converges by the Integral Test: I sech 2 x dx — lim I sech 2 x dx = lim [tanh x] , = lim (tanh b — tanh 1) 

J 1 b — » oo ^ 1 b — » oo b — > oo 

= 1 - tanh 1 « 0.76 



4L f (tT 2 - rh) dx = J™ t a ln l x + 2 I - ln l x + 4|] 1 = lim ln TT? - ln (f ) ; 



lim 



the series converges to ln ( |) if a = 1 and diverges to oo if 



b — > oo b — > oo 

lim (b + 2) 3 ' 1 = ( °°’ a> * 
b — > oo b + 4 b -> oo t 1, a = 1 

a > 1. If a < 1, the terms of the series eventually become negative and the Integral Test does not apply. From 

that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 



42 



• f ( — — ”xr ) dx = lim 

J3VX-I X+l/ K — > nr 



In 


x- 1 


111 


(x+ l) 2a 



= A™ ln W+W ~ ln (?) : J™ W+W 



~ b Too 2 a(b + I > 2a 



!- a = 5 
00 , a < 2 



J 3 b^oo ,D+1) w ' b^oo 

the series converges to ln (|) = ln 2 if a = 2 and diverges to 00 if 
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if a < | . If a >1 , the terms of the series eventually become negative and the Integral Test does not apply. 

From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 





(b) There are (13)(365)(24)(60)(60) (10 9 ) seconds in 13 billion years; by part (a) s„ < 1 + In n where 
n = (13)(365)(24)(60)(60) (10 9 ) => s„ < 1 + ln((13)(365)(24)(60)(60) (10 9 )) 

= 1 + In (13) + In (365) + In (24) + 2 In (60) + 9 In (10) « 41.55 

OO CO OO 

44. No, because Y j Y n anc * 2 „ diverges 



45. Yes. If Y a n is a divergent series of positive numbers, then (2) Y a n = Y ( 9 1 ) also diverges and y < a n . 

n=l n=l n=l 

co 

There is no “smallest" divergent series of positive numbers: for any divergent series Y a n of positive numbers 

11=1 

CO 

Y (I 5 ) das smaller terms and still diverges. 



46. No, if Y a„ is a convergent series of positive numbers, then 2 Y a n — Y 2a n also converges, and 2a n > a n . 

n=l n=l n=l 

There is no “largest" convergent series of positive numbers. 



47. (a) Both integrals can represent the area under the curve f(x) = 1 , and the sum S 50 can be considered an 



approximation of either integral using rectangles with Ax = 1 . The sum S 50 = Y 



is an overestimate of the 



P 51 1 

integral j | ^ | dx. The sum S50 represents a left-hand sum (that is, the we are choosing the left-hand endpoint of 

each subinterval for c;) and because f is a decreasing function, the value of f is a maximum at the left-hand endpoint of 

n51 50 

each sub interval. The area of each rectangle overestimates the true area, thus J , = = dx < Y /£ t ■ ' n a similar 



P 50 1 

manner, S50 underestimates the integral J ^ | dx. In this case, the sum S50 represents a right-hand sum and because 

f is a decreasing function, the value of f is aminimum at the right-hand endpoint of each subinterval. The area of each 

5° n50 n 51 

rectangle underestimates the true area, thus Y / | < J g -y==jdx. Evaluating the integrals we find J , = dx 

n=l ^ A 



2 y/x+ 1 51 = 2y/52-2V'2« 11.6 and £ 



. 1 dx = 

0 \/x + 1 



2\J x + ll' = 2^51 - 2xJ\ k, 12.3. Thus, 



11.6 < Y -r — r < 12.3. 

n=l ^ 



(b) s n > 1000 f" 
=^n > 251415. 



V x + 1 



dx = 



2 y/x + 1 nM = 2\J n + 1 — 2\/2 > 1000 n > (^500 + 2 ^)"- 



251414.2 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




588 Chapter 10 Infinite Sequences and Series 



30 IAJ 1AJ 

48. (a) Since we are using S30 = E b to estimate E the error is given by E 54- We can consider this sum as an estimate 

n=l 



of the area under the curve f(x) = when x > 30 using rectangles with Ax = 1 and Ci is the right-hand endpoint of 
each subinterval. Since f is a decreasing function, the value of f is a minimum at the right-hand endpoint of each 



OO pOO pb 

subinterval, thus V X < / 4dx = lim I 4dx = lim 

n t3i n J 30 x * b^oo-130 x b^oo 

Thus the error < 1.23 x 10~ 5 . 

(b) We want S - s„ < 0.000001 => f°°4dx < 0.000001 => f * 

d n x d n 



1 

'33? 






= lim ( 

J 30 b 



4dx = lim I 4dx = lim 



lim f 

1 — n 



= lim (-5P + w) = W < 0-000001 =* n > / 

b — >00 v 



1000000 



69.336 => n > 70. 



1 

" 3x 3 



J »oo poo pb 

4dx < 0.01 => / 4dx = lim I 4 

“ x Jn x b->oo Jn x " 



dx = lim 



1 b 



2x 2 



b— xx> L J n b— xx> 



= I™, (- 2 P + 2p) 



= 2? < 0.01 => n > y/50 w 7.071 ^n>8 ^S« S| = ^^ 1.195 



J »oo pb 1 b 

-d-rdx < 0.1 => lim I -d—jdx = lim 2tan _1 (f) 

n x + 4 b^OO Jn x + 4 b— >00 i z V4/ Jn 

= lim (,tan _1 (3) — jtan -1 (§)) = | — jtan~' (§) < 0.1 =>■ n > 2tan(| — 0.2) « 9.867 => n > 10 =>■ S « S10 



b — >00 

10 



= E5^4«0.57 



51. S - s n < 0.00001 



f°° 1 

Jn ^ 



dx < 0.00001 



J »oo pb 

idx = lim I 4rdx = lim 

n b^OO Ja h^on 



10 



b— x)o L J n b — >00 



- lim 4- to I 

— nm ^ gor -l- „iu J 



= 4R < 0.00001 => n > 1000000 10 n > 10' 



,60 



52. S — s n < 0.01 => f ,, 1 ' 3 dx < 0.01 => f ,, 1 — , dx = lim f — 4 — ,dx = lim 

d n x(lnx) Jn x(lnx) h— x(lnx) w 



x(lnx; 

b^oo ( 2(lnb) 2 2(lnn) 2 ) 



1 b 



2(lnx)‘ 



2(lnn) 



< 



0.01 => n > eV50 _ { j 77 405 => n > 1 178 



53. Let A n = E a k and B n = E 2 k a(2q , where { a^ } is a nonincreasing sequence of positive terms converging to 

k=l k=l 

0. Note that { A n } and {B n } are nondecreasing sequences of positive terms. Now, 

B n = 2a2 + 4a4 + 8as + ...-(- 2 n a(2 n ) = 2a2 + (2a4 + 2a4) + (2a§ -I- 2as -1- 2a§ -I- 2as) + . . . 

+ (2a(2») + 2a(2-) + • . • + 2a(2 n )) ^ 2 ai + 2a2 -I- (2a3 + 234) - 1 - ( 2 as + 2 a@ + 2 ay + 2 as) + . . . 

v ' 

2 n_1 terms 

OO 

+ (2a(2" ' ) + 2a(2n-i + i) + . . . + 2a(2q) = < 2 E ak- Therefore if E ak converges, 

k=l 

then { B n } is bounded above => E 2 k a (2 k) converges. Conversely, 

OO 

An — &1 H - (&2 H - ^3) ~b (&4 + 3§ + 3q + Uy) + . . . + a n < &i + 2a 2 + 4-3.^ + . . . + 2 n a( 2 n ) — 3\ + B n < a i + Yj 2 k a( 2 k). 

k=l 

OO 

Therefore, if 2 k aj 2 k) converges, then { A n } is bounded above and hence converges. 

k=l 



54. (a) a(2") — 2 »ln( 2 ”) — 2"-n(ln2) 

OO 

=► E m diverges. 



E 2 n a ( 2 n) = E 2 n 25 ^ 2 ) = ET 2 E n . which diverges 
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t_Aj 

(b) a (2 n) = 4 =>■ E 2 n a (2 n) = E 2 " • 4 = E ffft = E (oft)", a geometric series that 

n=l n=l n=l 1 ’ n=l 



converges if < 1 or p > 1 , but diverges if p < 1 . 



55 



• w L 



dx 



2 x(ln x)P 



u = In x 



du = 



dx 



J »oc 

u 

In 2 



p du = lim 



-p+1 



— lim 



(l^p) [b - p+1 - (In 2 )- p+1 ] 



= P" 1 



-i T (ln 2 )- p+ 1 ,p> 1 



uni i i — mil 

b — > OO L _P+1 Jln2 b — > 00 

the improper integral converges if p > 1 and diverges if p < 1 . 

oo, p < r 

poo 

For p = 1 : J 2 = lim [In (In x)] \ = u lim [In (In b) — In (In 2)] = oo, so the improper integral diverges if 



b — > oo 



p= i. 



(b) Since the series and the integral converge or diverge together, E n ' n) p converges if and only if p > 1 . 



56. (a) p = 1 => the series diverges 

(b) p = 1.01 => the series converges 

00 OO 

(c) E iTpnrisy = 5 £ TO 5 P = 1 ^ the series diverges 

n=2 n=2 

(d) p = 3 => the series converges 

pn+l 

57. (a) From Fig. 10.1 1(a) in the text with f(x) = 1 and a^ = 1 , we have J d- dx <1 + 3 + 3 + . ..+1 

< 1 + f"t'(x) dx => In (n + 1 ) < 1 + | + 3 + . . . + i < 1 + In n => 0 < In (n + 1 ) - In n 

< (l + 1 + 3 + . . . + i) — In n < 1. Therefore the sequence { (l + \ + 3 + • • • + 3 ) — In n} is bounded above by 

1 and below by 0 . 

(b) From the graph in Fig. 10. 11(b) with f(x) = - , — ]+ < f - dx = In (n + 1) — In n 

=> 0 > j-q-j- — [ln(n + 1 ) — In n] = (l + \ + 3 + . . . + — ln(n + 1 )) — (l + 3 + 3 + . . . + 2 — In n) . 

If we define a n = 1 + 3 = 3 + ! — Inn, then 0 > a n+ i — a n =>■ a n+ i < a n =>■ {a n } is a decreasing sequence of 
nonnegative terms. 



58. 



e -x < e~ x for x > 1 , and e _x dx = ^lim [— e~ x ] 1 =^lim (— e~ b + e ^ 1 J = e _1 => e~ x dx converges by 

OO 2 °° 2 

the Comparison Test for improper integrals => E e ~" — 1 + E e " converges by the Integral Test. 

n=0 n=l 



10 



59. (a) sio = E yj = 1-97531986; f°°4 dx = lim f x 

n J 11 x h = no'-'H 



r°° 1 

I 4 dx = lim 

J 10 x b -» OC 



f x 3 dx = lim 


>14 


^ 10 b — » OO 


L z J 



(X) * 

b 



3 dx = lim 

b — * 00 L 



= 1™ (-2P + 232) = 232 and 



1.97531986 + ^ < s < 1.97531986 



1 

200 



- lim (_J_ 4 . J_) - J_ 
~ b _ x V 2b 2 ' 200 ) ~ 200 

1.20166 < s < 1.20253 



(b) s = E h ~ ’ 20166 1 1,20253 = 1-202095; error < 1 20253 ; L 2 °i 66 = 0.000435 



10 



/ ■oc r»b 

4 dx = lim I x ~ 4 dx = lim 

11 x h — > rv~i J 11 b — > OO L 



L 



■4 dx = lim 

10 x b — > 00 



r>b 

I x -4 dx = lim 


‘14 


^ 10 b — >00 


L 21 J 



b — > 00 

b 



1 b 
. 11 



_ h ( 3b 3 + 3993 ) — 3993 and 



- Pm (_J_ 4 . _ 2 _) - _ 2 _ 
l ++ 3b 3 ' 3000/ 3000 



=+ 1.082036583 + 3335 < s < 1.082036583 + 5 ^ => 1.08229 < s < 1.08237 

OO 

(b) s = E 4 ~ 1 08229 1 1,08237 = 1-08233; error < 1-08237 - 1.OS229 = 0 .00004 
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10.4 COMPARISON TESTS 



1. Compare with Y2 which is a convergent p-series, since p = 2 > 1. Both series have nonnegative terms for n > 1. For 

n=l 

°o 

n > 1, we have n 2 < n 2 + 30 => ^ > r2 f 30 ■ Then by Comparison Test, ZZ y _|_ 30 converges. 



2. Compare with n \ , which is a convergent p-series, since p = 3 > 1. Both series have nonnegative terms for n > 1. For 

n=l 

°o 

n > 1, we have n 4 < n 4 + 2 => ^ => 5 ? > jrh ^ p > ^2 ^ PT 3 - Then b y Comparison Test, ZZ PT 5 

n=l 

converges. 



3. Compare with ZZ l , which is a divergent p-series, since p = \< 1. Both series have nonnegative terms for n > 2. For 

n— 9 V 



n > 2, we have \J n — 1 < y^n => { Then by Comparison Test, ZZ diverges. 



4. Compare with ZZ j, which is a divergent p-series, since p = 1 < 1. Both series have nonnegative terms for n > 2. For 

n=2 

00 

n > 2, we have n 2 — n < n 2 => V — > -4 => - 7 ^— > 4 = - =$■ > -r 2 — > - . Thus V diverges. 

— ’ — n z — n — n 2 n 2 — n — n 2 n n 2 — n — n 2 — n — n ' n 2 — n b 

n=2 

00 

5. Compare with ZZ which is a convergent p-series, since p = §> 1 . Both series have nonnegative terms for n > 1 . 

n=l 

2 1 00 2 

For n > 1, we have 0 < cos 2 n < 1 => yZr < , Then by Comparison Test, ZZ ZZZ converges. 

n=l 

00 

6 . Compare with ZZ 3 , which is a convergent geometric series, since |r| = 5 < 1. Both series have nonnegative terms for 

n=l 

00 

n > 1. For n > 1, we have n • 3 n > 3 n => ^ Then by Comparison Test, ^ converges. 



7. Compare with ^ . The series "22 ^ is a convergent p-series, since p = | > 1, and the series 22 

n=l n=l n=l 

00 

= y 5 ZZ t ?2 converges by Theorem 8 part 3. Both series have nonnegative terms for n > 1. For n > 1, we have 

n=l 

n 3 < n 4 => 4n 3 < 4n 4 => n 4 + 4n 3 < n 4 + 4n 4 = 5n 4 => n 4 + 4n 3 < 5n 4 + 20 = 5(n 4 + 4) => < 5. 

=> AtT 1 < 5 ^ ^T 4 < Jr => J^Ti ^ Jl? = M Then by Comparison Test, ZZ J converges. 



8 . Compare with ZZ ~7~’ which is a divergent p-series, since p = h< 1. Both series have nonnegative terms for n > 1. For 



n > 1, we have yZi > 1 => 2y/n > 2 =>■ 2^/\\ + 1 > 3 => n(2yZi + l) > 3n > 3 2ny / n + n > 3 
=> n 2 + 2 nVH + n > n 2 + 3 => n(n + ^ + l) > 1 =* n + 2 2 f. + 1 > i =* > 1 =► J > a A 

V — n 2 + 3 — n 2 + 3 — n n 2 + 3 — n \/n 2 + 3 — V n 



y4i + 1 > 1 
\/n 2 + 3 \A 



> . Then by Comparison Test, ZZ A + 3 diverges. 
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oo 

9. Compare with Y X, which is a convergent p-series, since p — 2 > 1. Both series have positive terms for n > 1. lim & 1 

n _i n n^oo Dn 

= lim "Try 3 = lim = lim I — lim = lim I = 1 > 0. Then by Limit Comparison Test, 

n— >00 A / n n— >00 n n _t_ - 3 n^oo zn n— »oo on z n— >00 0 

00 

E n 3-E +3 converges. 

n=l 

00 

10. Compare with Y which is a divergent p-series, since p = \ < 1. Both series have positive terms for n > 1. lim y 



= lim Xpf 1 = lim 3/ = / lim 4±£ = / lim ^ = , / lim § = Ji = 1 > 0. Then by Limit Comparison 

n^oo 1 /^ n— >00 V n2 + 2 y ^^^ + 2 2 n 2 V 7 F 

oo j 

Test, J] y 44^ diverges. 

n=l V 



11. Compare with Y 4 which is a divergent p-series, since p = 1 < 1. Both series have positive terms for n > 2. lim ^ 

~ n n — ►nn ° n 



= lim 



n(n+ 1) 

( n2 + 1 ) |n - 1) _ Jj m n 3 +n 2 



n 3 — n 2 + n — 1 



= lim , 3 /t 2n , = lim |2+2 = ii m % 



Y = lim fa _2 — lim ^ = 1 > 0. Then by Limit Comparison 



Test, V -7-. 

’ 4—/ ( n - 



‘ 2 + l)( n — 1) 



diverges. 



12. Compare with Y E which is a convergent geometric series, since |r| = 5 < 1 . Both series have positive terms for 

n=l ' 

2 n oo 

n > 1. lim y = lim = ij m _ jj m 4Mn4 _ j > q. r p( len by Li m jt Comparison Test, Y YY converges. 

n— >oo Dn n—>oo 1 / z n— ►oo-’ -1-4 n— >00 4 ln4 n=1 -*" 1-4 

oo 

13. Compare with V I , which is a divergent p-series, since p — ' < I . Both series have positive terms for n > 1. lim 

n=1 V n z n— nx) Dn 

5 n n 00 

= lim ytt" ~ lim S = lim (1) " = 00. Then by Limit Comparison Test, Y ? diverges. 

n-too V v n n— >00 4 n— >00 V4/ n=1 v n ' 4 

00 

14. Compare with Y (t) , which is a convergent geometric series, since |r| = § < 1. Both series have positive terms for 

n=l 

11 - L n 1 ™, £ = Jl ™ Wr = Jl™ (lEI )" = 6XP MtoTt)” = “P i™ 11 WIEt) 

i n ( 10n + 15 \ 10 10 2 2 

= exp lim i°? +8 = exp lim 10n+15 1 , i°° +s = exp lim , ZRTin i — ex P lim im EE xrtn 

F n^oo V n F n^oo ~ l l n F n^oo ( l° n + 15)(10n + 8) 1 n^oo 100n 2 + 230n+ 120 

°° n 

= exp lim = exp lim ^ = e 7 / 10 > 0. Then by Limit Comparison Test, Y^ (ir+?) converges. 

OO 

15. Compare with Y „> which is a divergent p-series, since p = 1 < 1. Both series have positive terms for n > 2. lim ^ 

~ n n — wvi D n 



= lim — lim ^ = lim jj^ — lim n = oo. Then by Limit Comparison Test, Y E diverges. 



n— >oo n— >oo ' n— >oo 



16. Compare with Y which is a convergent p-series, since p — 2 > 1. Both series have positive terms for n > 1. lim r 1 

n _i n n— >oo° n 



In ( 1 H — j ) 1+ i \ / . °°^ , x 

= lim % , , = lim — f , — = lim 1 — 1 > 0. Then by Limit Comparison Test, > lnll + 4) converges. 

n-^oo v 0 n->oo (--7) n^oo 1 + ^ v n ' 
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17. diverges by the Limit Comparison Test (part 1) when compared with -j- , a divergent p-series: 

n=l v 



lim 

n — > oo 



2\/ n + f n 



^° +v V = V n = lim ( I t = i 

n oo 2,/n + ^/n n — > oo '2 + n 1,6 / 2 



18. diverges by the Direct Comparison Test since n + n + n>n + y^n + 0 =>■ n+ 3 ^ > i , which is the nth 



term of the divergent series ^ 1 or use Limit Comparison Test with b n = 3 



19. converges by the Direct Comparison Test; ^ , which is the nth term of a convergent geometric series 

20. converges by the Direct Comparison Test; 1 n 2 ^ ^ and the p-series ^ converges 

21. diverges since n lim o = f ^ 0 

22. converges by the Limit Comparison Test (part 1) with | , , the nth term of a convergent p-series: 



lim = lim (^) = 1 

n — > oo I i \ n — > oo \ n / 






23. converges by the Limit Comparison Test (part 1 ) with p , the nth term of a convergent p-series: 

( 10n+l \ 

lim = lim lim = lim ^ = 10 

n — > oo (1| n— >oo n “+3n + 2 n — > oo 2n + 3 n — > oo 2 



24. converges by the Limit Comparison Test (part 1) with j , the nth term of a convergent p-series: 



lim 

n — » oo 



n 2 (n-2) (n 



i 2 + 5 



= lim 



5n 3 - 3n 



= lim 



15n 2 - 3 



= lim 



30n 



n — > oo n 3 -2n 2 + 5n-10 n — > oo 3n 3 -4n + 5 n — » oo 6n-4 



= 5 



25. converges by the Direct Comparison Test; ( 3n n f l ) < (^) = (|) , the nth term of a convergent geometric series 

26. converges by the Limit Comparison Test (part 1 ) with dy , the nth term of a convergent p-series: 



lim 






= lim \ —■ = lim \/ 1 + 4 = 1 

n — > oo ( i \ n — > oo V n3 n ^ oo ' ' 3 

Vv'n 3 + 27 



27. diverges by the Direct Comparison Test; n > In n =>■ In n > In In n => 1 ^ t 2 n and ^ diverges 



28. converges by the Limit Comparison Test (part 2) when compared with ^ -4 , a convergent p-series: 

n=l 

lim = lim ^ = lim = 2 lim ^ = 0 

n — > oo ( n — > oo n n ^ oo i n — ^ oo n 



29. diverges by the Limit Comparison Test (part 3) with ^ , the nth term of the divergent harmonic series: 



lim = lim = lim = lim ^ = oo 

n — > oo n — > oo inn n — > oo n — > oo 2 . 
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30. converges by the Limit Comparison Test (part 2) with , the nth term of a convergent p-series: 



( lnn j, 2 / 2 In n \ /1\ 

11 Ai = lim 2SJ!|L = ii m !■ " ( = 8 lim ^4 = 8 lim T" x = 32 lim -Tj 

■ oo l i \ n — > oo n 1 / 4 n — > oo / i \ n— >oo n 1 ' 4 n — > oo / i \ n — ► oo n l/4 

InV-l ) Un 3 / 4 / U 3 / 4 / 



31. diverges by the Limit Comparison Test (part 3) with t , the nth term of the divergent harmonic series: 

lim yi n\ n — lim -r-4 — = lim Ay = lim n = oo 
n — > oo n — > oo i+inn n — > oo tlj n — > oo 



32. diverges by the Integral Test: j 



ln TV* dx — l u du = lim IT u 2 l h = lim \ (b 2 — In 2 3) = oo 

2 x+l Jl„3 b — > exT 2 j In 3 b^oo 2V ’ 



33. converges by the Direct Comparison Test with T7 • the nth term of a convergent p-series: n 2 - I > n for 

n > 2 => n 2 (n 2 — 1) > n 3 => n \J n 2 — 1 > n 3 / 2 => ^ ^ * = or use Limit Comparison Test with 

34. converges by the Direct Comparison Test with Ty , the nth term of a convergent p-series: n 2 + 1 > n 2 

=t> n 2 + 1 > 3/nn 3 / 2 => > n 3 / 2 =>■ < 4/1 or use Limit Comparison Test with Ty . 

OO OO OO 

35. converges because ^ = ]C + X) Tr which is the sum of two convergent series: 

n=l n=l n=l 

00 00 

n on converges by the Direct Comparison Test since n l )l , < , and Y2 2 " ' s a convergent geometric series 



36. converges by the Direct Comparison Test: J2 JJ/r = (551 + 5?) and ^ ^ + gr , the sum of 

n=l n=l 

the nth terms of a convergent geometric series and a convergent p-series 



37. converges by the Direct Comparison Test: t < ^Tr , which is the nth term of a convergent geometric series 



38. diverges; n Hm^ ( (5 + £) = 5 ^ 0 

00 n 

39. converges by Limit Comparison Test: compare with ^ Q) , which is a convergent geometric series with |r| = i<‘. 



lim = lim j? t-i = lim 9 ~ = 0. 

n — ► 00 (1/5) n — ► 00 n z + 3n n — > oo 2n + 3 



40. converges by Limit Comparison Test: compare with ( 3 )", which is a convergent geometric series with |r| = 1<1. 



lim = lim 3 ° 4 } 2 ° = lim //A ‘ = \ = 1 > 0. 

n — > oo (3/4) n — > oo 9+12“ n — > oo (jj) +1 1 



41. diverges by Limit Comparison Test: compare with ^0 5, which is a divergent p-series, n hrri^ 



= lim 4-jJ 
n — > 00 2 



= lim A”. 2 9 1 = lim 2 I* 11 ' 1 , = 1 > 0. 

n — > 00 2 In 2 n — > oo 2 n (ln 2) 2 



42. diverges by the definition of an infinite series: "Y2 ln(Ar) Inn — ln (n + 1)] , Sk = (In 1 — ln2) + (ln2 — ln3) 



+ . . . + (ln(k — 1) — Ink) + (Ink — ln (k + 1)) = — ln (k + 1) => lim Sk = —00 

k — > 00 
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43. converges by Comparison Test with n ^ n 1 _ ^ which converges since ^ n ^ n 1 _ ^ 

n=2 n=2 n=2 L 



l 1 

n — 1 n 



, and 



s k= (!- \) + G~ I) + ■■■ + (k =2 - i^l) + (dn~ e) = ! -E ^ k l“ n 0O s k = l;forn>2, (n-2)! > 1 



n( n - l)(n - 2)! > n(n - 1) => n! > n(n - 1) =» i < ^ 



(n— 1) 



oo (n- 1)! 

44. converges by Limit Comparison Test: compare with 4f, which is a convergent p-series, ^jm^ 

n=l 

n 3 (n — 1)! 



= lim 



— lim 



= lim — lim I = 1 > 0 



n ktt oo (n + 2)(n + l)n(n — 1)! “ n ^ oo n 2 +3n + 2 ~ n^oo 2n+3 ~ n^oo 2 

45. diverges by the Limit Comparison Test (part 1) with 1 , the nth term of the divergent harmonic series: 



lim = j im sinx = ! 

n -» °° (e) x -+ 0 x 



46. diverges by the Limit Comparison Test (part 1) with 1 , the nth term of the divergent harmonic series: 



lim = lim f^-r)%r=lim ( ^-) (^) = 1 • 1 = 1 

n — > oo (2) n — > oo \cosj/ (2) x ^q vcosx/ \ x / 



47. converges by the Direct Comparison Test: ta ^ 1J 11 < and ^ -fj = | ^ is the product of a 

n=l n=l 

convergent p-series and a nonzero constant 

-1 /tt\ 00 ( e ) 00 

48. converges by the Direct Comparison Test: sec” 1 n < | =>■ se ^„ 11 < ^ and = | J2 is the 

n=l n=l 

product of a convergent p-series and a nonzero constant 



( coth n \ 

V ) 



49. converges by the Limit Comparison Test (part 1) with 4j : n hm^ n „„ o n‘^;*6o e n -e 



= lim coth n = lim 



,n _i_ n 



,n p — n 



= lim 1 + ^— 2n = 1 

n — > 00 1 - e 2n 



50. converges by the Limit Comparison Test (part 1) with 4 : lim 



' tanh n 1 
1 n 2 ) 



,n n 



n — > co f J_ 



= lim tanh n = lim Vr4„ 

n — > oo n — ► oo e” + e n 



= lim | e _l” = 1 
n — > oo 1 + e 2n 



51. diverges by the Limit Comparison Test (part 1) with n hm^ P) = n^Poo = 

52. converges by the Limit Comparison Test (part 1) with 4: n lim o \ °~ / — n lim^ ^/n = 1 



53. 



1 + 2 + 3 + .. ,+n (n(n_hl}) n(n+l) 



2 . The series converges by the Limit Comparison Test (part 1) with 4: 



lim 



( 2 \ 


V n 


(n+i)7 


1 


:*) 





= lim 44 1 - = lim 



4n 



T = lim % =2. 
1 n — > oo 1 



54. 



1 + 2 2 + 3 2 + . . . + n 2 — n(n+l)On+l) — n ( n + 1 )(2n + 1) 
6 



1 < f => the series converges by the Direct Comparison Test 
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55. (a) If lim ^ = 0, then there exists an integer N such that for all n > N, — 0 < 1 => — 1 < “" < 1 

n — > OO b n ° I bn | bn 

=> a n < b n . Thus, if Y b n converges, then Y a n converges by the Direct Comparison Test. 

(b) If n lirri^ g 5 - = oo, then there exists an integer N such that for all n > N, ^ > 1 =>• a n > b n . Thus, if 
Y b n diverges, then Y a n diverges by the Direct Comparison Test. 

OO 

56. Yes, Y “ converges by the Direct Comparison Test because — < a n 

n=l 



57. n hm_^ gj = oo =>■ there exists an integer N such that for all n > N, > I =>• a n > b n . If Y a n converges, 
then Y b n converges by the Direct Comparison Test 

58. Y a n converges => ^ hrn^ a n = 0 => there exists an integer N such that for all n > N, 0 < a n < 1 => a 2 < a n 

=> Y a n converges by the Direct Comparison Test 

59. Since a n > 0 and n I i a n — oo ^ 0. by n th term test for divergence, Y a n diverges. 

60. Since a n > 0 and n lim^ ( n 2 • a n ) = 0, compare J^a n with which is a convergent p-series; n hrn^ 

— n lim^ ( n 2 • a n ) = 0 => J]a n converges by Limit Comparison Test 



61. Let — oo < q < oo and p > 1. If q = 0, then Y = Y which is a convergent p-series. If q ^ 0, compare with 

n=2 n=2 

°° (lnn) q /, \q /, \q 

Y t where 1 < r < p, then lim -rf — — lim „ ; , and p -r > 0. If q < 0 => q > 0 and lim ° , 

^ n r >’ n — > oo l/ n n — * oo n p r ’ ^ ^ ^ n ^ oo nP r 

n=2 

= n'TTo (inn)^nP-^ = 0. If q > 0, n Hm, ^ = n Hm, = n 1™, • If q - 1 < 0 =4- 1 - q > 0 and 



— = lim 



urn 7 \ n _ r — mil : — , i_ n 

n — > oo (p-r)nP n — > oo (p - r)nP~ r (Inn) q 



= 0, otherwise, we apply L'Hopital's Rule again. n Hui^ q ^ q 



= lim — — 1 J lnn ) — . Ifq — 2 < 0 => 2 — q>0 and lim — — iK^l) — = ij m ^9 — 11 — = 0; otherwise, we 

apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q — k<0=^k — q > 0. Thus, after k 
applications of L'Hopital's Rule we obtain lim q ( q ~ i)—(q-k+i)(inn) — _ p m q(q- *[’ ' (q ~ l \+ V = 0. Since the limit is 

r n — > oo (p-rpnP-' n — > oo (p-rpnP-'Onnp q 



0 in every case, by Limit Comparison Test, the series Y *p converges. 



62. Let — oo < q < oo and p < 1. If q = 0, then Y —Y Jr > which is a divergent p-series. If q > 0, compare with 



1 °’ a 

Y which is a divergent p-series. Then ^ Hrn^ — n lim o (lnn) q = oo. If q < 0 => — q > 0, compare with Y J > 

11=2 n=2 

(lnn) q , ,q r _ 

where 0 < p < r < 1. lim -rfr = lim „ . = lim Ja since r — p > 0. Apply L'Hopital's to obtain 
lim „ = lim (l T p )° * If— q — l<0=t>q+l>0 and lim ( r ~p)" P(lnn) — = qq 

n — > oo ( — q) (In n) q ‘(1) n — > oo (-q)(lnn) ql M — 1 — n ^ oo (— q) 



otherwise, we apply L'Hopital's Rule again to obtain lim — mu — 

F 5 iwoo (-q)(-q-l)(lnn) q 2 (i) n - oo (-q)(-q - l)(lnn) q 

-q — 2<0=>q + 2>0 and lim - — J‘~ p ^ ° P _ q _ 2 — lim ( r ~p) " p(ln ") — _ ^ otherwise, we 

n n ~ n — > oo ( — q) ( — q — 1 ) ( In n) q n — > oo (— q)(— q — 1) 



- p) 2 n r ~P ~ 1 



TTY = „ bm 



( r — Pj nlp 



apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that — q — k<0=t>q + k>0. Thus, after 
k applications of L'Hopital's Rule we obtain lim 11 — — — — ^ = lim — ( r ~ p ) 11 p ( lnn ) — qq. 

F n^oo ( — q) ( — q — !)■••(— q — k + l)(lnn)~ q ~ k n oo (-q)(-q - l)---(-q - k+ 1) 
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(1 N q 

Since the limit is oo if q > 0 or if q < 0 and p < 1, by Limit comparison test, the series ^ 1 ^ p _ r diverges. Finally if q < 0 

n=l 

OO . >. q OO . ,q OO 

and p = 1 then Y "J = Y „ ■ Compare with Y which is a divergent p-series. For n > 3, Inn > 1 

n=2 n=2 n=2 

=> (lnn) q > 1 => > f. Thus Y diverges by Comparison Test. Thus, if — oo < q < oo and p < 1, 

n=2 

0 ° 

the series Y nP -, diverges. 

n— 1 



63. Converges by Exercise 61 with q = 3 and p = 4. 

64. Diverges by Exercise 62 with q = ^ and p — 1. 

65. Converges by Exercise 61 with q = 1000 and p = 1.001. 

66. Diverges by Exercise 62 with q = j and p = 0.99. 

67. Converges by Exercise 61 with q = — 3 and p = 1.1. 

68. Diverges by Exercise 62 with q = — \ and p — t 

69. Example CAS commands: 

Maple : 

a := n -> l./n A 3/sin(n) A 2; 

s := k -> sum( a(n), n=l..k ); # (a)] 

limit( s(k), k=infinity ); 

pts := [seq( [k,s(k)], k=1..100 )]: # (b) 

plot( pts, style=point, title="#69(b) (Section 10.4)" ); 

pts := [seq( [k,s(k)], k=1..200 )]: # (c) 

plot( pts, style=point, title="#69(c) (Section 10.4)" ); 

pts := [seq( [k,s(k)], k=1..400 )]: # (d) 

plot( pts, style=point, title="#69(d) (Section 10.4)" ); 

evalf( 355/113 ); 

Mathematica : 

Clear[a, n, s, k, p] 
a[nj:= 1 / (n 3 Sin[n] 2 ) 
s[k_]= Sum[ a[n], {n, 1, k}] 
points[p_]:= Table[{k, N[s[k]]}, {k, l,p}] 
points[ 100] 

ListPlotlpoints[100]] 

points[200] 

ListPlot[points [200] 
points[400] 

ListPlot[points[400], PlotRange ■ - All] 

To investigate what is happening around k = 355, you could do the following. 
N[355/l 13] 

N[tt - 355/113] 

Sin[355]//N 

a[355]//N 

N[s[354]] 
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N[s[355]] 

N[s[356]] 

oo oo 

70. (a) Let S = which is a convergent p-series. By Example 5 in Section 10.2, n ( n l. n converges to 1. By Theorem 8, 

n=l n n=l n n 

OO OO OO OO OO OO / \ 

S = E h = E n(n+T) +E Js-E nOtVl) = E „(KTT) + E vh ~ 5(STTy) also converges. 

n= 1 n=l n=l n=l n= 1 n=l x 7 

oo oo / \ oo 

(b) Since E [1 ( I1 1 rT y converges to 1 (from Example 5 in Section 10.2), S = 1 + E ( 4j, - J = 1 + E ^(nVi) 

n=l n=l x 7 n=l 

oo oo 

(c) The new series is comparible to E ~r > so it will converge faster because its terms — » 0 faster than the terms of Ep- 

n=l n=l 

1000 1000 

(d) The series 1 + E n 2 (n+ 1 ) gi yes a better approximation. Using Mathematica, 1 + E n 2 (n+ 1 ) = 1-644933568, while 

n=l n=l 

E p = 1.644933067. Note that ^ = 1.644934067. The error is 4.99 x 10~ 7 compared with 1 x 10~ 6 . 



1000000 

E 

n=l 



10.5 THE RATIO AND ROOT TESTS 



2^+1 

1. ^ > 0 for all n > 1; lim l W- 



• §0 = ^(Ti) = 0<l ^ n | l + 



converges 



n — >oo \ “3 1 



(n+l) + 2 



2. ^ > 0 for all n > 1; lim ( - I = lim = lim (^|) = lim Q) = \ < 1 => ^ converges 



n=l 



/ C( n + 1) i) ! \ z 2 \ / \ / \ 

3. > 0 for all n > 1; lim ( ) = i im ( n U-0 ! . £± 1 ) ] = ii m ( ° 3 + 2° + n ) = n m ( 3n2 + 4n . + 1 ) 

(n+l) 2 - ’ n— >00 J n^ooV (" + 2 f n^oo V n ‘ + 4n + 4 ) n^ooV 2n + 4 ) 

00 / 1 \ I 

= lim = 00 > 1 =+ E T , i diverges 

n->oo v 2 ' “,(“+!) 



2 n+1 



T > 0 for all n > 1 ; lim 



2 (n+l)+l \ 

1 i irn ( 2°+' -2 

"IT j " n™V( n +l)'3' 



^3 ' ( 3 ^ 3 ) = (t) = i < 1 



■ E converges 

n— 1 



<n+l) 4 
4n+l 

Zn ^ v/ ivn tin 11 ± 9 mu 1 4 j — 

n— >00 \ 41T 



5. jj > 0 for all n > 1; lim 



lim (<£?•£)= lim( n4 + 4n3 + ^ 2 + 4n + 1 ) 

n^oo \ / n— hx) \ / 



= (? + 5 + 2 ^ + P + 4 f)=?< 1 ^E^ converges 

n 00 n— 1 



6- £ 



IT > Oforalln > 2; lim ( = lim (;^^ • ^) = lim (^^) = lim (J-) = lim (^) 

n— >00 \ -jjj- J n— >00 \ v ^ / / n— >oo \ V 11 ~ ) j n— »oo \ n +i / n— >oo 



= n 1 ™ (l) = 3 > 1 =* E w ^verges 

n 00 n— 2 



In+Q^n+D+Z)! 



7. "^711 > 0 for all n > 1; lim |J+ ‘ l '^ l , n .; 11 = lim ( (n V?n + , 3 ^ 2)! • tt+W) = lim ( n ' + Q S f + Q 7 " + 3 ) 

n!3 - ’ n^ool n ~<°f c 2)! I n^ooV (n + l)-n!3-“-3 2 n2(n + 2)! y 9 n 3 + 9n- J 

— li m ( 3n 2 + 15n + 7 ) _ 1 : ( 6n + 15 \ _ lj ( A) — i < 1 V n 7 n + 2 ) 

“ n™ V 27n2 + 18 " ) ~ - 44 " +13 7 “ - 9 < 1 =* iL n!3 2n 



converges 
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/ (n+l)5° +1 

8- c -un > 0 for all n > 1; lim I 12(, + 1) + 31 f I «"+ 1) - 

(2n + 3) ln(n+ 1) - (2n , ^ (n .. ,, 



lim ( ( n + 1 )-5"-5 . (2n + 3)ln(n+l) \ 

n“ooV( 2n + 5 ) ln ( n + 2 ) n ' 5 ° / 



lim ( 5 ( n + l)'( 2n + 3) ln(n+ 1) \ _ i- ( 10n 2 + 25n+ 15 A i: m l ln(n+l)\ _ ,• /20n + 25\ lj™ l n + i A 

n™:A n(2n + 5) W+% ) ~ 2n 2 + 5„ ) J™ { Mlt+2 ) ) ~ J^l^J 



= J™ (f) • J™ ( n+r) = 5 • „ lir £,( t) = 5 • 1 = 5 > 1 => E (2n + 3 n )fn(n+l) diverges 



n— »oo n^oo 



9. > 0 for all n > 1; lim A °/ = lim ( = 0 < 1 => V] n E.n 

(2n + 5) - - n ^oo V (2n + 5 > n^oo\ 2n + 5 / 1 ^T 1 ( 2n + 5 ) 



converges 



LXJ 

T^rn = lim (t-)= 0<1=»Y' TT^Tn converges 

(3n „ ,„V3n2 (3n) b 



1L > 0 for a11 n > 2 ; Jim 3 / (f^f) n = Um (^±|) = Jim (f) = f > 1 =*► £ diverges 

1 n+1 f~r -| n+1 -| 1 + 1 /n 

12 . ln(e 2 + -) >0 for all n > 1 ; lim \j ln(e 2 + J) = lim ln(e 2 + -) = ln(e 2 ) = 2 > l 

v n 7 J n— »oo v V n 7 J n— >oo v n 7 . 

oo 1 n+ 1 

=> ^2 ln(e 2 + ~) diverges 

n=l -I 



13. — ^ > 0 for all n > 1; lim = lim 

( 3 + E ) n ^0° V 0 + 5 ) n ^°° V 0 + 5 ) 



= 5 < 1 => £ Trrns converges 

n— 1 W + Sl 



14. sin^-J^ >0foralln>l; lim sin^-J^ = lim sin^-J^ = sin(0) = 0 < 1 =$■ £ sin^-^j 1 

2 / 2 OO 2 

15. (l — l) n > 0 for all n > 1; lim y (l — J) n = lim (l — J)" = e _1 < 1 =>• £(l — 1)" converges 



16. ^+s > 0 for all n > 2; lim = Hm ( n ,tA, ) = lim = 0 < 1 => £ Jr 

n— >oo V n — >oo \ 11 / n— ►oo\ n V n / n — 9 



converges 



<n+ l)v' 2 

2^+1 \/~2 /*9 

17. converges by the Ratio Test: lim — = lim i r ~ .- 2 j = lim ( n 1 ? — --^*.3= lim (l + 3) (J) = 1 < 1 

° J n — > oo a n n ^ oo n v 2 n— > oo 2 a+l nv 2 n ^ oo ^ n/ \ 2 / 2 

~W~ 



18. converges by the Ratio Test: lim — = ii m v ? 2X 7 = lim 

° J n — > oo a n n — > oo i 1 n ^ oo e 1 



( (n+ l) 2 \ 

te lim = Hm • 4 = Hm (l + l) 2 f 1 ) = 1 < 1 

a n n— >oo fn 2 \ n ^ oo e n+1 n 2 n ^ oo V n/Ve/ e 



( (n+ 1)1 \ 

19. diverges by the Ratio Test: lim — = lim - fjl ' — lim 4 = lim !1± 1- = oo 

° J n — » cx> a n n — > oo (^) n — > oo e + n! n — > oo e 



20. diverges by the Ratio Test: lim ^ = lim 

° J n — > oo a n n-j-oo 



( (n+1)! \ 

Li^l2 = i im ui+JH.iy = Hm jt- = oo 

(rat) n — > oo !<)” 1 n! n — > oo 10 



21. converges by the Ratio Test: n lim_ a ^ 1 = n lim_ = Jh m_ ^ = n !im ra (l + l) 10 (i) = ^ < t 



ixiii — mil / in \ — mil i An i i 

n — > oo a n n — > oo ( n 1Q \ n ^ oo 10 n+1 

l 10 n 
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22. diverges; lim a n = lim (— )" = lim (l + — ) n = e~ 2 ^ 0 

23. converges by the Direct Comparison Test: = ( |) n [2 + (— l) n ] < (|) n (3) which is the n th term of a convergent 

geometric series 

24. converges; a geometric series with |r| = HI < 1 

25. diverges; lim a n = lim (l — -) n = lim (l + — ) n = e -3 ~ 0.05 / 0 

° n — >oo n ^ oo V n / n ^ oo V n / ' 



26. diverges; lim a n = lim ( 1 — ^-) n = lim 1 + ^ 3 = e 1//3 « 0.72 ^ 0 

° n— >oo n— >oo v 3n / n ^ oo n ' 



27. converges by the Direct Comparison Test: ^ for n > 2, the n th term of a convergent p-series. 



28. converges by the nth-Root Test: lim , n /a^ = lim \ = lim ((lnn V ' = lim — = lim — q < 1 

° J in oo V " n - ICO V 11 n ^ oo (n“) ' n — * oo n n — > oo 1 



29. diverges by the Direct Comparison Test: ^ ^ = M > IQ) for n > 2 or by the Limit Comparison Test (part 1) 

with i. 

n 

30. converges by the nth-Root Test: n lim^ ^ = n IjITc l/0 “ W = n^Poo ((n ~ &)”) ^ = n^Poo (i “ ?) = 0 < 1 

31. diverges by the Direct Comparison Test: ^ > i for n > 3 

32. converges by the Ratio Test: lim — = lim (n+ 1 li n , (n+ n • , 2 °. . = 1 < 1 

33. converges by the Ratio Test: lim — = lim (n | 2 l ( n| 3) • , , ,° ! , = 0 < 1 

fe 3 n — > oo a n n — > oo (n + 1)! (n+l)(n + 2) 



34. converges by the Ratio Test: lim — = lim ^4+r - t = - < 1 

° J n ^ oo a n n n oo e n+l n J e 



35. converges by the Ratio Test: lim ^ = lim 

J n — ^ rvi a„ n — ^ r- 



?5±1 — lim (n + 4)! . 3 ! n! 3 P _ lj n + 4 _ 1 < i 

„ AA1AA . 11 i nnn +1 i im . AAAAA 'is* i i\ i ^ A 



n — > oo a n n — > oo 3!(n+l)!3 n+1 (n + 3)! n — > oo 3(n+l) 3 



36. converges by the Ratio Test: lim = lim 

° J n — 4 r>r\ Hi n — 4 r> 



a„+i _ in (n + l)2 n+1 (n + 2)! 3 n n! _ ,• ( n+ 1 W 2 W n + 2 \ _ 2 



11111 I1I11 on I 1 , TVi ' On/ CTi — 11111 

n — > 00 a n n — > oo 3 n+1 (n+l)! n2 n (n+l)! n — > oo 



= nlil"oo(^)(l) (Sf) = !< 1 



37. converges by the Ratio Test: lim — = lim V, 1 , • (?n t 1)! = lim n .".it, 1 , = 0 < 1 

& 3 n — > oo a n n — > oo (2n + 3)! n! n — > oo (2n + 3)(2n + 2) 



38. converges by the Ratio Test: lim = lim m (n , + il° ! i • = lim (-j-r) n = lim Pn 

0 3 n ^ oo a „ n — > oo (n+l) n +‘ n! n ^ oo Vn+1/ n ^ oo (a±_Lj 

= lim . 1 t . n = i < 1 

n — > 00 (1 + 1) e 



39. converges by the Root Test: lim . n /aT = lim 11 = lim ^ = lim ^ = 0 < 1 

° 3 n — > 00 V 11 moo V (““r n — > 00 In n n^oo Inn 
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40. converges by the Root Test: lim v/a^ = lim n w , = lim -|5= = 'f*' = 0 < 1 

0 J n^m V mcoV (lnn) n / z n — > oo V'n n lim \/lnn 



( lim y/n = 1 ) 
\n — > oo v J 



41. converges by the Direct Comparison Test: " 



! Inn 



n(n + 2)! n(n+l)(n + 2) ^ n(n+l)(n + 2) (n+l)(n + 2) ^ n 2 

which is the nth-term of a convergent p-series 



< h 



42. diverges by the Ratio Test: n Hn^ ^ (n+ 3 ^' 2 „ + , • ^ = n Hn^ 5^ (|) = § > 1 



43. converges by the Ratio Test: lim — = lim r ^ n+ ^ ! l • = lim n , n = lim "7+ 2 " \\ = \ < 

b J n — > 00 a n n— >00 [2(n + l)J! [ n t] z n — > oo (2n + 2)(2n+l) n — > oo 4n- + 6n + 2 4 



44. converges by the Ratio Test: lim — = lim 

° J II — > OO a n II — > OO 



(2n + 5) (2 n+1 +3) 3° + 2 _ ,• 

3" +I +2 ’ (2n + 3)(2” + 3) — n oo 



2n + 5 2-6 n + 4-2” + 3-3 n + 6 



2n + 3 3-6 n + 9-3 n + 2-2 n + 6 



= lim 

n — > oo 



"211 + 5 " 


• 1 1 m 


2-6 n + 4-2 n + 3-3 n + 6 " 


2n + 3 


mil 

n — » 00 


3-6 n + 9-3 n + 2-2 n + 6 



= 1 . ? = ? < 1 
3 3 ^ 



/ 1 + sin n \ 

45. converges by the Ratio Test: lim — = lim - — 8 — — = 0 < 1 

° J n — > OO a n n ^ OO a n 



46. converges by the Ratio Test: lim — = lim — 

° J n — > oo a n n ^ oo 

approaches 1 + | while the denominator tends to oo 



= lim 1+tan ln = 0 since the numerator 



47. diverges by the Ratio Test: lim — 

° J n — > OO a n 



lim 

n — > oo 




lim = § > 1 

n — > oo 2n + :> Z 



48. diverges; a n+1 = ^ a n ^ a n+1 = (jfy) (V a n _i) =► a n+1 = (^) (^) (^f a n - 2 ) 

=> a n+ i = (j^j) ( !L ^ 1 ) ( • • • Q) ai => a n +i = jqry => a n+ i = , which is a constant times the 

general term of the diverging harmonic series 



49. converges by the Ratio Test: n lim^ yy 1 



50. converges by the Ratio Test: n lim^ yy 1 

51. converges by the Ratio Test: n lim^ y 1 



lim 



= lim t = 0 < 1 



n — > oo a n n ^ oo n 



lint 

n — > oo 



= lim Y = 5 < 1 

n — > oo n i 



lint 

n — > oo 



= lim 



l+lnn 



= lim i = 0 < 1 



n — > oo n n — > oo n 



52. ° n +%° > 0 and ai = \ => a n > 0; ln n > 10 for n > e 10 =>■ n + ln n > n + 10 => ir+T(f > ^ 

=> a n+ i = Yqrfjf a n > a n ; thus a n+ i > a n > | => n a n ^ 0, so the series diverges by the nth-Term Test 



53. diverges by the nth-Term Test: ai = y , a2 





a 



n 




lim a n = 1 because 

n — > oo 




is a subsequence of 




whose limit is 1 by Table 8.1 
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54. converges by the Direct Comparison Test: ai = \ , a2 




a n = (I)" < (5) n which is the nth-term of a convergent geometric series 





55. converges by the Ratio Test: lim 



a n+l 



= lim 



2 n+1 (n+ l)!(n+ 1)! (2n)! 



(2n + 2)! 



2“n!n! 



= lim - 

n — > oo Zn 



n + 1 = i < i 

>n + 1 2 ^ 1 



lim 

n — > oo 



2(n + l)(n + 1) 
(2n + 2)(2n + 1) 



56. diverges by the Ratio Test: lim — 

° J n — > oo a n 



lim 

1 — > (X) 



(3n + 3)! 

(n + l)!(n + 2)!(n + 3)! 



n!(n+ l)!(n + 2)! 
(3n)! 



i: m (3n + 3X3 + 2)(3n + 1) 

nth 00 (n + l)(n + 2)(n + 3) 



n 



lim 3 ( 

— > OO v 



3n + 2 
n + 2 



)( 



3n+ 1 
n + 3 



)=3 



3 • 3 = 27 > 1 



57. diverges by the Root Test: lim v/aT = lim .7 = lim ^ = 00 > 1 

0 J moo * n moo y (n“) n — > 00 n 2 



58. converges by the Root Test: lim . n /^T = lim v/MS" = lim ^ = lim (-)(-)(-)••• ( s — 

° J n^oo V n" n — > oo V ( n ) n m oo n" nmoovn/Vn/Vn/ V n / Vn/ 



< lim i = 0 < 1 

— n — > 00 n 



59. converges by the Root Test: lim ,"/aT = lim ,7 4 = lim 4 = lim * . = 0 < 1 

b J n->oo V n — > 00 v 2 n n^co ? n — > 00 2 n ln 2 



60. diverges by the Root Test: lim = lim .7 -4 = lim ? = 00 > 1 

0 J n-too V n-too V (2 n ) n — » 00 4 



61. converges by the Ratio Test: lim = lim — 

0 J n ^ OO a n n — > rvi 



1-3 (2n — l)(2n+ 1) 



oo 4 n+1 2 n+1 (n+ 1)! 



4 n 2 n n! 

1-3 (2n - 1) 



= lim 



2n + 1 1 i 

00 (4-2)(n + 1) - 4 ^ 1 



62. converges by the Ratio Test: a n — (2.4 --2n)(3 n + > i) — (2-4---2n) 2 (3 n + t) — (2"n!)- (3- + i) 



(2n + 2)! (2°n!) i (3° + 1) _ ,• (2n + lX2n + 2) (3° + l) 

n m oo [2 n+1 (n + l)!] 2 (3 n+1 + 1) (2n)! nmoo 2 2 (n + l) 2 (3 n+1 + 1) 



lim 



= lim 



( 4^- + + 2 A ( 1 4- 3'7)‘ . 1 1 m 1 

oo y 4n 2 + 8n + 4 ) (3 + 3-") ' 3 3 ^ 



63. Ratio: lim — = lim 



11111 11111 , , i 

n — > oo a n n — > oo ( n + l) p 



• m = lim (— t-t) P = l p = 1 => no conclusion 

1 n — > oo vn + 1 / 



Root: lim ,7a„ = lim { -= = lim 



= ,4 = 1 



n^oo V " p “ n m oo (4)” “ (D p 



no conclusion 



64. Ratio: lim — = lim 

n — > 00 a n 



1 (ln n) p _ 

nToo (ln ( n + 1 ))P * 1 - 



lim 



In n 



oo In (n+ 1) 



lim 44 

n ^°° (e+t) 



( n !il 



= lim 

■ oo 



= (l) p = 1 => no conclusion 



Root: lim , n /an = lim « , 

moo V 11 n — > oo V (In n ) p 



; let f(n) = (In n) 1 /", then ln f(n) = 414 



lim (Inn) 1 /" 

x n— >oo v 

=> lim ln f(n) = lim ln(lnn) = lim i"Jpl = ij m — L_ — o =. ii m (i n n) 1 / 11 

n — > oo n — > oo n n ^ oo 1 n ^ oo n in n n ^ oo 

= lim e lnf ( n ) = e° = 1; therefore lim = 



• oo 

1 



lim (Inn) 1 / 11 ) 



(dp 1 



no conclusion 



4 P 



65. a n < ^ for every n and the series 4 converges by the Ratio Test since lim ( ^4 1 * 

n=l 



oo 

=> a n converges by the Direct Comparison Test 

n= 1 



= = i < 1 

n 2 ^ 
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66. > o for all n > 1 ; lim 



OO 2 

= oo > 1 =$■ fr diverges 



• £) = Um (f£) = Um (££) = n Hm (^M) 



10.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE 

1. converges by the Alternating Convergence Test since: u n = > 0 for all n > 1; n > 1 => n + 1 > n => y/n + 1 > y/n 

=> / , < -4- => u n+ i < u n ; lim u n = lim -A = 0. 

\AAT “ xA n— >oo n^ooxA 

OO oo 

2. converges absolutely => converges by the Alternating Convergence Test since a n | — A^ which is a 



n=l n=l 



convergent p-series 



3. converges => converges by Alternating Series Test since: u n = A. > q for all n > 1; n > 1 => n + 1 >n=> 3 n+1 > 3 n 
=» (n + l)3 n+1 > n3 n =» , A„ + i < 4; => u n+ i < u n ; limu n = lim A = 0. 

' T a J n— >oo n^oo 



4. converges =>- converges by Alternating Series Test since: u n = 4 2 > 0 for all n > 2; n > 2 => n + 1 > n 



=> ln(n+ 1) > Inn => (ln(n+ l)) 2 > (Inn) 
lim u n = lim —A, = 0. 

n— >oo n— >oo n J 



2 _v 1 



(In (n-f 1)) - (Inn) (ln(n+l)) 2 - (Inn)' 



u„+i < u n ; 



5. converges => converges by Alternating Series Test since: u n = ||2 n | > 0 for all n > 1; n > 1 => 2n 2 + 2n > n 2 + n + 1 
=> n 3 +2n 2 + 2n > n 3 + n 2 + n+ 1 =>• n(n 2 + 2n + 2) > n 3 + n 2 + n + 1 => n((n + l) 2 + 1 ) > (n 2 + l)(n+ 1) 



n \ n+1 

n 2 + l - (n+l) 2 +l 



=> u n +i < u n ; lim u n = lim = 0. 



n— >oo n— >oo 



6. diverges => diverges by n th Term Test for Divergence since: lim ") ~ 2 — 1 => lim (— 1 )" 1 ") | ) — does not exist 

^ n — won n ^ n — myi n 4 



7. diverges => diverges by n th Term Test for Divergence since: lim = oo =>■ lim (— l) n+1 2 ) = does not exist 



8. converges absolutely => converges by the Absolute Convergence Test since l a n| = JZ (T+T)]’ which converges by the 



n=l n=l 



Ratio Test, since lim — = lim -jL = 0 < 1 

n — inn a n n + Z 



9. diverges by the nth-Term Test since for n > 10 jg > 1 =>■ n lim (yg) n ^0 => (A) n+1 (yg)" diverges 

11=1 

10. converges by the Alternating Series Test because f(x) = In x is an increasing function of x => A is decreasing 
=> u n > U n+ 1 for n > 1 ; also u n > 0 for n > 1 and n lim^ A = q 

11. converges by the Alternating Series Test since f(x) = ^ => f'(x) = 1 ~ if x < 0 when x > e => f(x) is decreasing 

(i) 

=> u n > u n+ r; also u n > 0 for n > 1 and lim u n = lim — = lim AZ. = q 

II _ n-t-i> 11 _ — n — > QO n ^ oo n n— > oo 1 
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12. converges by the Alternating Series Test since f(x) = In (1 + x x ) => f'(x) = ^ < 0 for x > 0 => f(x) is decreasing 



u„ > u n+ i; also u n > Oforn > 1 and n litn o u n = n hm^ In (l + i) = In (^hm^ (l + £)) = In 1 = 0 



fl j ^ 

13. converges by the Alternating Series Test since f(x) = y 3 



f'(x) = 2 A(x+^ < 0 ^ f ( x ) is decreasing 



u„ > u n+1 ; also u n > 0 for n > 1 and lim u n = lim 1 = 0 

^ — n — > oo n^oon+1 



3,/1 + i 



14. diverges by the nth-Term Test since lim y 11 , = lim * , n , =3^0 

° n ^ oo y n + 1 n-M» i + L>. ' 



WiJ 



oo oo ^ 

15. converges absolutely since | a n| = (tTi) a convergent geometric series 



16. converges absolutely by the Direct Comparison Test since 
of a convergent geometric series 



(-l) n+1 (0.1)° 



= < ( -j^) n which is the nth term 



OO OO 



17. converges conditionally since 1 > 0 and ^lirn^ ^ = 0 => convergence; but 22 |a n | = ^ ^ 

is a divergent p-series 



n=l n=l 



1/2 



18. converges conditionally since t + y n + x > 0 an d n hni x yryyy = 0 =>■ convergence; but 

CO OO OO 

22 l a n| — 53 ■; — x —r i s a divergent series since 1 r > —4= and V -A is a divergent p-series 

n=l n=l 1 + V n 1+ V n n=l " 



OO oo 

19. converges absolutely since 22 l a n| = 22 yqrf an d ysyrf < 2 which is the nth-term of a converging p-series 

n=l n=l 



20. diverges by the nth-Term Test since n lim^ , if = 00 

oo 

21. converges conditionally since n | 3 > (n + } ) + 3 > 0 and ^ Mrn^ Aj = 0 =>■ convergence; but 22 |a n | 

n=l 

oo oo 

= 22 n | 3 diverges because n | 3 > ^ and 22 y is a divergent series 

n=l n=l 



oo 

22. converges absolutely because the series 22 | 1 converges by the Direct Comparison Test since | | < 4 

n=l 



23. diverges by the nth-Term Test since ^hrn^ — 1^0 



24. converges absolutely by the Direct Comparison Test since 
of a convergent geometric series 

25. converges conditionally since f(x) = yi + j f'(x) = — + A) <0 => f(x) is decreasing and hence 

OO OO 

u n > u n+1 > 0 for n > 1 and n lhn o (^ + y) = 0 => convergence; but 22 |a n | = JZ y? 

n=l n=l 

oo oo 

— 22 2 -I 22 1 is the sum of a convergent and divergent series, and hence diverges 

n=l n= 1 



(— 2) n+1 
n+5" 



= AA < 2 (|) n which is the nth term 
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26. diverges by the nth-Term Test since lim a n = lim 10 1 /” =14 0 

° J n — > oo n — ► oo ' 



27. converges absolutely by the Ratio Test: n lim 

28. converges conditionally since f(x) = —4— => f'(x) = 



(SfO = lim 


r (n+l) 2 (|) n+1 l 


\ u n J n — > oo 


n2 (!)" 



x In x 

n — > oo n In r 



[In (x) 4- 1 
(x In x )“ 



< 0 



= 2 < 1 
3^1 



f(x) is decreasing 



u„ > u n+1 > 0 for n > 2 and lim . — — 0 => convergence; but by the Integral Test, 



f xtx = b ^ £ ( inx ) dx =, lim . [ ln ( ln x )] 2 = „ lim . [In On b) - In (In 2)] = oo 



b — > oo 



b — > oo 



E I an | = E diverges 

11=1 n=l 



29. converges absolutely by the Integral Test since 



/ »oo 

, ( tan ' lx ) ClSjfl dx 



lim 

b — >■ oo 



(tan 1 b) 2 — (tan 1 l) 2 




lim 

b — > oo 



(tan- 1 x) 2 
2 



b 

1 



30. converges conditionally since f(x) = 



= (x)( x ~ Inx) — (lnx)(l — () 
1 ' (x — ln x) 2 



1- -inx+ ax 



1 - ln 



(x - ln x) 2 



< 0 => u n > u n+ i > 0 when n > e and lim 



In n 



(x - ln x) 2 

= n liin^ - = 0 =>■ convergence; but n — ln n < n 



n— In n 



> 4 



riiii , 

n —> oo n - ln n 

ln . n > - so that 

n— In n n 



^2 | a n | = ^2 diverges by the Direct Comparison Test 

n=l n=l 



31. diverges by the nth-Term Test since n lim^ = 1 ^ 0 



32. converges absolutely since E l a n| — E (y) ' i s a convergent geometric series 



n=l n=l 



33. converges absolutely by the Ratio Test: n M ) = Jim* ^ ^ = 0 < 1 



34. converges absolutely by the Direct Comparison Test since ^ |a n | = ^ n2 ] a { and n -, ( n t ^ which is the 
nth-term of a convergent p-series 



n=l n=l 



n=l n=l 



35. converges absolutely since E l a n| — E '4 = ^ ^ is a convergent p-series 






36. converges conditionally since J] cos n n7r = j 1 is the convergent alternating harmonic series, but 



E l a n| = E n diverges 



n=l n=l 



37. converges absolutely by the Root Test: n lim o y/|a n | = n = n lirn o 4^ = \ < 1 
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38. converges absolutely by the Ratio Test: n lim < . 



a n+l 



((n + 1)!) 2 (2n) ! _ (n + 1) 2 _ 1 ^ , 

n^Too «2n + 2)!) (n!) 2 n“ co (2n + 2)(2n+l) 4 ^ 



= lim 



39. diverges by the nth-Term Test since lim |a n | = lim = lim 

° J n ^ oo 11 n ^ oo 2 n n!n n — > o 



(n + l)(n + 2)---(2n) 



oo 2 n n 



= lim 

n — > oo 



(n+ l)(n + 2)---(n + (n— 1)) 
2 n_1 



> lim (!i±!) n 1 =oo^0 
n^oo ' 2 / ' 



40. converges absolutely by the Ratio Test: n Lm^ 



a n+l 



= lim 



(n+ 1)! (n+ 1)! 3 n+1 (2n+l)! 



n 24+00 (2n + 3)! 



n!n!3“ 



= lim 



(n + 1 ) 2 3 



n “ 00 (2n + 2)(2n + 3) “ 4 



= 4 < 1 



41. converges conditionally since ^ n + ! — — ■ — 1 — r and ( . 1 — r \ is a 

& J 1 x/n + l + yn Vn+l + v/n lyn+t + Vni 

decreasing sequence of positive terms which converges to 0 => J + \ + j~ converges; but 



S a n = J 1 /n + \ + ^n diverges by the Limit Comparison Test (part 1) with a divergent p-series: 



n=l n=l 



lim I v '° +1+ ' / ' n = lim , v ‘ — T — * . 

n ^ oo 1 n ^ oo \/n + 1 + ,/n n— > oo 



= lim 



t + i +i 



42. diverges by the nth-Term Test since n lim^ ^y/n 2 + n — n^j = n lim^ ^ y^n 2 + n — nj • ( ) 

= lim —rr - — — bm , 1 — = \ ^ 0 

1WOO n 2 +n+n n — > oo / 1+ l +1 2 ' 



43. diverges by the nth-Term Test since n lim o ^ \J n + y/n -■ y/n^ = n lim o ^ — y/n^ ^ 



lim —7 - 

conditionally since | y ii + ^/ n+1 1 is a decreasing sequence of positive terms converging 

^ iNn ( , A , , ) .a; 



-4-4 = = lim ^ = 5^0 

n ^°° v 1 + 7s + 1 2 



44. converges 

oo ( 1 ) 

=> Y] converges; but lim V v/°+ v'°+ 1 / _ jj m v^ = lim — = \ 

yn+Vn+l D n — > oo n — > oo yn+yn+l n-*oo i+./i+l i 

n_1 VvV * n 

OO OO 

so that ^2 — - diverges by the Limit Comparison Test with J] which is a divergent p-series 



:ing to 0 



2 — 2e ” < = 4 which is the 



45. converges absolutely by the Direct Comparison Test since sech (n) = e „ — g _„ = e2n+ { , ein gl 
nth term of a convergent geometric series 



46. converges absolutely by the Limit Comparison Test (part 1): ^ |a n | = „ 

n=l n=l 

Apply the Limit Comparison Test with -4, the n-th term of a convergent geometric series: 



lim 

n — > oo 



= lim 



2 e n 



= lim 



111X1 n _ n 11111 , 

n ^ oo e n — e n n ^ oo 1 - e 



= 2 



47. | — g + g^i^j + pi - -^ + . . . = 2(n+ 1) ’ c° nver g es by Alternating Series Test since: u n = ^ > 0 for all n > 1 

n=l 

n + 2 > n + 1 =*► 2(n + 2) > 2(n + 1) =► 2({a+ \ ) + l) < 2(5+1) => u n+i < u n ; limu n = lim ^ = 0. 
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AO | | 1 l J__i j__i j_ J_ 1 | 

1 ^ 4 9 16 25 ' 36 49 64 " r 

which is a convergent p- series 
49. | error | < |(— l) 6 (5) | =0.2 



= ]Pa n ; converges by the Absolute Convergence Test since |a n | = ^ ^ 



n=l n= 1 



50. | error | < |(— l) 6 (w) | =0.00001 



51. I errorl < 



(-D 



6 (0.01) 5 
5 



= 2 x 10 



-11 



52. | error | < |(-l) 4 t 4 | = t 4 < 1 



53. |error| < 0.001 => u n+ i < 0.001 



C — < 0.001 (n + l) 2 + 3 > 1000 => n > -1 + y/997 « 30.5753 => n > 31 

(n+1) +3 v 7 



54. | error | < 0.001 =► u n+ i < 0.001 (p ”+ 2 1 _ i < 0.001 =► (n + l) 2 + 1 > 1000(n + 1) => n > 998+^998? +4(99 8^ 



998.9999 n > 999 



55. |error| < 0.001 => u n+ i < 0.001 => — — < 0.001 =t> ^(n + 1) + 3^/n + 1^ > 



1000 



n + l)" + 3^iTTT- 10 > 0 => y/n + 1 = 



+ 40 



= 2=>n = 3=>n>4 



r solving this 



56. | error | < 0.001 => u n+1 < 0.001 => |n(ln( ‘ + 3)) < 0.001 =>• ln(ln(n + 3)) > 1000 => n > -3 + e 6 ' 000 « 5.297 x 10 323228467 
which is the maximum arbitrary-precision number represented by Mathematica on the particular computer 1 
problem.. 

57. <5b! < !§« => (2n) ! > ^ = 200,000 =» n > 5 =► + ^ + 0.54030 

58. nl<w =► f< n! =>n>9=» + + + + 0.367881944 

59. (a) a n > a n+ i fails since 5 < 

OO OO OO OO 

(b) Since l a n| = E [(5 )" +(!)"] = E (5 )”+ E (5)” is the sum of two absolutely convergent 

n=l n=l n=l n=l 

series, we can rearrange the terms of the original series to find its sum: 

(1 + 1 + 1 + t _ (1 +. 1 +. 1 +. \ _ _ii) (|)_ - 1 _ 1 _ _ I 

Kit ' 9 ' 27 ' ' ' ' ) V2 ^ 4 + 8 ^ •••; — l-(i) 1 _ (1) — 2 2 



60. S20 — 1 — | | ^ + . . . + g _ j ~ 0.66877 14032 => S20 + \ • jy 



: 0.692580927 



61. The unused terms are (-lE'aj = (— 1)"' 1 (a n+ i - a n+2 ) + (-l) n+3 (a n+3 - a n+4 ) + . . . 

j=n+l 

= ( — 1 ) n+1 [(a n+ i — a n+2 ) + (a n+3 — a n+4 ) + ...]. Each grouped term is positive, so the remainder 
has the same sign as (— l) n+1 , which is the sign of the first unused term. 



69 s - J- + J-+-J-+ J 1 V - — V (i 1—1 

u — s n 1-2 ' 2-3 ' 3-4 ' • • • x n ( n + 1) k(k+l) Vk k+ll 

k=l k=l 



= (! - \) + (l ~ 5) + G - ?) + (? - 5) + • ' ' + (5 “ STl) which are the first 2n terms 

of the first series, hence the two series are the same. Yes, for 

°n=E a-kir) = (i-D+a-D+G-i)+a-D+-+(^-D+a-niT) = i- I iiT 
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=> lim s n = lim (l f-r) = I => both series converge to 1. The sum of the first 2n + 1 terms of the first 

n— >oo n— Joo'-n + iy ° 

series is ( 1 f-r ) H — A = 1 • Their sum is lim s n = lim ( 1 C- ) = 1 . 

V n + 1/ n+1 n — > oo n — > oo V n + 1/ 



63. Theorem 16 states that E l a n| converges =+ E a n converges. But this is equivalent to E a n diverges E |a n | diverges 



64. |ai + a2 + . . . + a n| < | a i| + | a 2 1 + • • • + | a n | for all n; then E l a n| converges =>■ E a n converges and these imply that 

n=l n=l 



E a n 

n=l 



< E l a n I 

n=l 



oo 

65. (a) E | a n + b n | converges by the Direct Comparison Test since |a n + b n | < |a n | + |b n j and hence 

n=l 

oo 

E ( a n + b n ) converges absolutely 

n=l 



n=l 

oo oo oo 

(b) E |b n | converges => E “b n converges absolutely; since E a n converges absolutely and 

n=l n=l n=l 

oo oo oo 

E — b n converges absolutely, we have E [ a n + ( — b n )] = E ( a n — b n ) converges absolutely by part (a) 

*■*— 1 n=l 1 



n=i n=i 

oo oo 

; absolutely, we have E [ a n + ( — b n )] = E ( a n — b n ) converges ; 

ii— ± n=l n=l 

oo oo oo oo 

(c) E I a n I converges =>■ |k| EZI a n| — EZ|ka n | converges =>• Eka n converges absolutely 

n=l n=l n=l n=l 



66. If a n = b„ = (-1)“ ^ , then E (— l) n |g converges, but E a nb n = E l diverges 



67. si — — |,S2 — — ^ + 1 — E 
s 3 = - I + 1 

■ 3 



2 1 A 2 ' 

l l l l l l L 

4 6 8 10 12 14 16 



1 1 _ 

18 20 



22 



S4 = S3 + i « —0.1766, 



1 1 1 1 1 1 1 1 1 1 l 

5,4 24 26 28 30 32 34 36 38 40 42 44 



s 6 — s 5 + f ~ —0.312, 



_ „ i i i i i i i l i L 

*7 46 48 50 52 54 56 58 60 62 64 



0 . 4 ] 

0 . 2 - 



- 0 . 2 ' 

- 0 . 4 - 



y = 1/2 



66 



-0.5099, 

-0.512, 

-0.51106 



68. (a) Since E l a n| converges, say to M, for e > 0 there is an integer Ni such that 



Ni — 1 

E I a n | M 

n=l 



< f 





Ni— 1 


/Ni-1 oo \ 




oo 




E lanl- 


E lanl + E lanl 


< f 


-E lanl 




n=l 


\ n=l n=N! J 




n=Ni 



< | E I a n | < | ■ AlS0, E a n 

n=Ni 



converges to L for e > 0 there is an integer N2 (which we can choose greater than or equal to Ni) such 

00 

that |sn 2 - L| < I . Therefore, E l a n | < f and |s N2 — L| < | . 

n=N, 
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(b) The series Y2 l a n| converges absolutely, say to M. Thus, there exists Ni such that 



E W -m 



< e 



whenever k > Ni. Now all of the terms in the sequence { | b n | } appear in { | a n | } . Sum together all of the 
terms in { | b n | } , in order, until you include all of the terms {|a n |}E> and let N 2 be the largest index in the 



sum E | b n | so obtained. Then 

n=l 



n 2 

E |b„| 

n=l 



M 



< e as well 



E|t>n| converges to M. 

n=l 



10.7 POWER SERIES 



OO 

<1 =+ |x| < 1 => — 1 < x < 1; when x = — 1 we have Y2 (—1)”, a divergent 

n=l 

series; when x = 1 we have Y2 1, a divergent series 

n= 1 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 



1. lim 


U n +1 


E 

it 

V 


x n+1 


n — > 00 


U n 


n — >00 


X n 



2. lim 


U n +1 


E 

it 

V 


(x + 5) n+1 


n — > 00 


U n 


n — >00 | 


(x + 5) n 



<1 => lx + 51 < 1 => —6 < x < —4; when x = —6 we have 



E (— l) n , a divergent series; when x = -4 we have 1 , a divergent series 
11=1 11=1 



(a) the radius is 1; the interval of convergence is — 6 < x < —4 

(b) the interval of absolute convergence is —6 < x < —4 

(c) there are no values for which the series converges conditionally 



3. lim 


Un+1 


E 

it 

V 


( 4 x+l ) n+1 


n — > 00 


U n 


n — >00 | 


( 4 x+ l) n 


OO 




OO 


OO 



< 1 =*- |4x+ 1| < 1 



1 < 4x + 1 < 1 



\ < x < 0; when x = — \ 



have ( — 1 ) n ( — l) n = E ( — l) 2n = E I"’ a divergent series; when x = 0 we have Y2 ( — l) n (l) n = E (“l)"’ 

n=l n=l n=l n=l n=l 



a divergent series 

(a) the radius is \ ; the interval of convergence is — I <x<0 

(b) the interval of absolute convergence is — | < x < 0 

(c) there are no values for which the series converges conditionally 



4. 



<1 => |3x-2| n lim oo (^)<1 =* |3x — 2| < 1 

00 n 

=> — 1 < 3x — 2 < 1 => i < x < 1 ; when x = | we have E ^r - w hich is the alternating harmonic series and is 

n=l 

00 

conditionally convergent; when x=lwe have E “ • die divergent harmonic series 

n=l 

(a) the radius is | ; the interval of convergence is | < x < 1 

(b) the interval of absolute convergence is | < x < 1 

(c) the series converges conditionally at x = | 



lim 

1 — > (X) 



Un+1 



< 1 => 



lim 

1 — > OO 



( 3 x - 2) n+1 
n+1 



( 3 x — 2 ) n 



5. lim 

n — > 00 



Un+1 



< 1 => lim 

n — >00 



(x - 2)° +1 



10 “ 



1Q1+ 1 



(x — 2) n 



< 1 =>. JT-^I <1 => |x — 2| < 10 => -10 < x - 2 < 10 



—8 < x < 12; when x = —8 we have ( — T) n , a divergent series; when x = 12 we have El ■ a divergent series 

n=l n=l 



(a) the radius is 10; the interval of convergence is —8 < x < 12 

(b) the interval of absolute convergence is —8 < x < 12 

(c) there are no values for which the series converges conditionally 



we 
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6 . 



lim 

n — > <x) 



< 1 => lim 

n — > oo 



(2x) n+1 



(2x)” 



Y ( — 1)", a divergent series; when x 

n=l 



< 1 => lim |2x| < 1 => |2x| < 1 => — 

n — > OO 1 1 11 

OO 

= | we have Y 1 - a divergent series 

n=l 



(a) the radius is | ; the interval of convergence is — \ < x < \ 

(b) the interval of absolute convergence is — I < x < I 

(c) there are no values for which the series converges conditionally 



< x < | ; when x = 



we have 



7 . lim 


U n +1 


< 1 => lim 


(n + l)x n+1 (n + 2) 


n — > oo 


u n 


n — > oo 


(n + 3) nx n 



< 1 



Wn^oo ^ W < 1 



-1 < x < 1 ; when x = — 1 we have Y ( — l) n pp- , a divergent series by the nth-term Test; when x = 1 we 

n=l 



oo 

have Y pp> » a divergent series 

n= 1 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is —1 < x < 1 

(c) there are no values for which the series converges conditionally 



<1 =>• |x + 2| n lim o ( ppy) < 1 =» |x + 2| < 1 

OO 

=> — 1 < x + 2 < 1 => — 3 < x < — 1 ; when x = -3 we have Y a divergent series; when x = — 1 we have 

n=l 

oo 

Y . a convergent series 

n=l 

(a) the radius is 1; the interval of convergence is — 3 < x < — 1 

(b) the interval of absolute convergence is — 3 < x < — 1 

(c) the series converges conditionally at x = — 1 

< 1 => y ( lim Hrr) ( \ / lim — < 1 

3 V n ^°° n+1 / VV 11 ^ 00 n + 1 / 

II OO 

=> * ( 1 )( 1 ) <1 =>■ |x| < 3 => — 3 < x < 3 ; when x = — 3 we have Y ^57^, an absolutely convergent series; 

n=l 

oo 

when x = 3 we have Y op > a convergent p-series 

n=l 

(a) the radius is 3 ; the interval of convergence is — 3 < x < 3 

(b) the interval of absolute convergence is — 3 < x < 3 

(c) there are no values for which the series converges conditionally 



9 . 



lim 

1 — > (X) 



< 1 => 



lim 

1 — > 00 



(n+ 1)77+7 3 n+1 



V»3" 



8 . 



lim 

n — > <x) 



Un+l 



< 1 => 



lim 

n — » 00 



(x + 2) n+1 
n + 1 



(x + 2)" 



10. lim 

n — ► 00 



< 1 => lim 

n — > 00 



(x-iT 






< 1 



II 



lim < 1 => x- 1 < 1 

n — > 00 n + 1 1 1 



y/a + T (x-l) n | 

~ / nn 

=> — l<x — 1 < 1 => 0<x<2; when x = 0we have 2^ ipr, a conditionally convergent series; when x = 2 

n=l 

oo 

we have Y t/j . a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is 0 < x < 2 

(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 



11 . 



lim 

n — » <x) 



< 1 =» 



lim 

n — > oo 



(n + 1)! x” 



< 1 



Ixl lim ( — < 1 for all x 
1 1 n->oo vn+1/ 



(a) the radius is oo; the series converges for all x 
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(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 

<1 =>• 3 Ixl lim (— C) < 1 for all x 

1 'n— >oo Vn + 1 '' 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



12. lim 

n — > oo 



Un+l 



< 1 => 



lim 

n — » oo 



311+ 1 x n+l 



(n+1)! 3 n x n 



< 1 => x 2 lim (-^) = 4 x 2 < 1 => x 2 < j 

n — » 00 ^n+ 1 / 4 

00 ^ 2^ 00 

=> — i < x < f ; when x = — \ we have X f" ( — 5) =Ei’ a divergent p-series; when x = ^ we have 

n=l n=l 

00 ~ 00 

E ^G)“ n = E a divergent p-series 

n=l n=l 

(a) the radius is j ; the interval of convergence is < x < \ 

(b) the interval of absolute convergence is “5 < x < \ 

(c) there are no values for which the series converges conditionally 



13 . 



lim 

n — > <x) 



Un+l 



< 1 => 



lim 

n — » 00 



4n+l x 2n+2 

n+1 



4 n x 2r 



14 . lim 

n — > 00 



u n +i 



< 1 => lim 

n — > 00 



(x- l) n+1 n 2 3 n 



< 1 => lx — 1 1 lim 
1 1 n — > oo 



(xn+Tj 5 ) ~ 1I X _ *1 < 1 



(n+ l) 2 3 n+1 (x — l) n | 

00 n 00 n 

=> —2 < x < 4 ; when x = —2 we have X ^fpr = X ^4“ > an absolutely convergent series; when x = 4 we have 



E = Xp’ an absolutely convergent series. 

n=l n=l 



(a) the radius is 3 ; the interval of convergence is —2 < x < 4 

(b) the interval of absolute convergence is —2 < x < 4 

(c) there are no values for which the series converges conditionally 



15 . lim 

n — > 00 



Un+l 



< 1 => lim 

n — * 00 



V <n I 1? + 3 



yV + 3 



< 1 => Ixl 



lim 

n — » 00 n 2 + 2n + 4 



< 1 



Ixl < 1 



=>- — 1 < x < 1; when x = — 1 we have X 2 ^_ 3 , a conditionally convergent series; when x = 1 we have 

OO 

X , ] , a divergent series 

n=l ^ 



(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 



16 . lim 

n — > <X) 



Un+l 



< 1 => lim 

n — >00 



\/(n + 1 1- 1 



\/n- + 3 



< 1 => |x| 



ljm , n " + 3 
n — » 00 n 2 + 2n + 4 



< 1 



|x| < 1 



— 1 < x < 1 ; when x = — 1 we have X 






, a divergent series; when x = 1 we have X 



(-1)° 



.Xl v/n^+ 3 ’ 



a conditionally convergent series 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = 1 
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17. lim 

n — > oo 



< 1 => lim 

n — * oo 



(n+l)(x + 3) n+1 



5 I+1 



5" 



n(x + 3) n 



< 1 



l x + 3| 



lim ( 11 + 1 ) < 1 

n — » oo V n / 



l x + 3| 



< 1 



|x + 3| < 5 



-5 < x + 3 < 5 =>■: — 8 < x < 2; when x = —8 we have n( 5 „ 5) = ^2 (— 1)” n, a divergent 



OO OO 

series; when x = 2we have ^2 ^ n , a divergent series 

n= 1 n=l 

(a) the radius is 5; the interval of convergence is —8 < x < 2 

(b) the interval of absolute convergence is —8 < x < 2 

(c) there are no values for which the series converges conditionally 



18. 



lim 

1 — > oo 



U n +1 


<r" 1 lim 


(n+ l)x n+1 


4 n (n 2 4- 1) 


^ | —o M lim 


(n 4-1) (+4-1) 


u n 


\ 1 — r 11111 

n — > oo 


4 n+1 (n 2 4-2n4-2) 


nx n 


\ 1 7 A 11111 

4 n — ► oo 


n (n 2 + 2n + 2) 



< 1 



Ixl <4 



4 < x < 4; when x = —4 we have . a conditionally convergent series; when x = 4 we have 



n=l 

a divergent series 

(a) the radius is 4; the interval of convergence is —4 < x < 4 

(b) the interval of absolute convergence is —4 < x < 4 

(c) the series converges conditionally at x = —4 



E 



n=l 



n 

n 2 + l ’ 



19. 



lim 

n — > oo 



Un+l 


1 —v lim 


y/a+ lx n+1 


3“ 


U n 


\ 1 7 11111 

n — > oo 


3 n +! 


■/nx” 



< 1 T (^) < 1 =* & < 1 =► |x| < 3 



-3 < x < 3; when x = — 3 we have ^2 (— l) n y/n, a divergent series; when x = 3 we have ^2 \J n, a divergent series 



n=l n=l 

(a) the radius is 3; the interval of convergence is — 3 < x < 3 

(b) the interval of absolute convergence is — 3 < x < 3 

(c) there are no values for which the series converges conditionally 



20. lim 

n — > oo 



Un+l 



< 1 => lim 

n — > oo 



n+ yn + 1 (2x+5) n+1 
0+ (2x4-5)” 



|2x + 5| 



lim -if\. 



< 1 => |2x - 



<1 => |2x + 5| 0 lim o (13fS)<l 
5 1 < 1 => — I<2x + 5<1 => 3 < x < —2; when x = — 3 we have 



OO OO 

^2 (—1) Aj/n, a divergent series since lim ^/n = 1; when x = —2 we have ^/n, a divergent series 

n=l n=l 

(a) the radius is the interval of convergence is — 3 < x < —2 

(b) the interval of absolute convergence is — 3 < x < —2 

(c) there are no values for which the series converges conditionally 



21. First, rewrite the series as (2 + (— l) n )(x + l) n = Y2 2(x + l) n + ^2 (— l) n (x + l) n . For the series 

11=1 n=l 



\n-l 



1 : lim 


n= 

U n +1 


L 

< 1 




lim 


2(x+l) n 


n — > oo 


U n 


n 


— > 00 


2(x-t-l) n ~ l 


) n (x+l) n - 


- 1 . 


lim 


U n +1 


< 1 


=> lim 


n 


— > 00 


Un 


OO 


n — > oo 



< 1 =>■ lx + 1 lim 1 = lx -F 1 1 < 1 => —2 < x < 0; For the 
1 'n — > oo 1 1 



(-l) n+1 ( x +l) n 

(_l)n(x+l)"- 1 
n— 1 



<l=>-|x+l| lim 1 = lx + 1 1 < 1 
1 'n — > oo 1 1 



-2 < x < 0; when x = —2 we have (2 + ( — 19 n ) ( — 1 ) n , a divergent series; when x = 0 we have 

n=l 



^2 (2 + (— l) n ), a divergent series 

n=l 



(a) the radius is 1; the interval of convergence is —2 < x < 0 

(b) the interval of absolute convergence is —2 < x < 0 

(c) there are no values for which the series converges conditionally 
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22 . 



lim 

n — > <x) 

. 17 



< 1 => lim 

n — > oo 



< X < ^ 



19. . 



(_l ) n+l 3 2 n+ 2 ( x _ 2 )»+l 3n 

3(n + l) ' (— 1 ) n 3 2n (x — 2) n 

(-l)”3 2n , 



; when x=f we have £ (-±) n = £ 



n=l n=l 

OO T oo 

/ 1 \n-j2n / 1 \ n ( i \n 

Y 3n — = Y YY, a conditionally convergent series. 

n=l n=l 

(a) the radius is | ; the interval of convergence is y < x < y 

(b) the interval of absolute convergence is y < x < y 

(c) the series converges conditionally at x = y 



< 1 => lx - 21 lim % = 9|x - 21 < 1 

1 'n — > oo n+ 1 I I 

3n , a divergent series; when x = |we have 



23. lim 

n — » <x) 



Un+1 


< 1 => lim 

n — > oo 




< 1 => M | 


( lim 

1 t— >oo 




U n 


(i + 1 -Yx a 


l lim 


( 1 + n) / 






\ n ) 




\ n— >oo 


V n / / 



< 1 



(i)<l 



|X| < 1 



OO ^ 

— 1 < x < 1; when x= -1 we have Y ( — 1 ) n ( I + i ) , a divergent series by the nth-Term Test since 



lim (l + i) n =e^0; when x = 1 we have Y (l + „) ’ a divergent series 

n=l 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 



< 1 =* W n^oo (nil) < 1 =* M < 1 

=> — 1 < x < 1 ; when x = — 1 we have (— 1 )" In n, a divergent series by the nth-Term Test since lim In n/0; 

n=l 

oo 

when x = 1 we have Y In 11 • a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 



24. lim 


U n +1 


< 1 => lim 


ln(n+ l)x n+1 


< 1 => Ixl lim 


n — ► cxD 


U„ 


n — > oo 


x n In n 


1 ' n — » oo 



25. 



=> e |x| n hnt 0 (n + 1) < 1 => only x = 0 satisfies this inequality 

(a) the radius is 0; the series converges only for x = 0 

(b) the series converges absolutely only for x = 0 

(c) there are no values for which the series converges conditionally 



lim 

n — > <x) 



< 1 => 



lim 

n — ♦ oo 



| (n + 1)- 



26. 



lim 

1 — > oo 



< 1 => 



lim 

1 — > 00 



(n+l)!(x — 4) n+1 
n! (x — 4) n 



<1 => |x — 4| lim (n + 1) < 1 => only x 



(a) the radius is 0; the series converges only for x = 4 

(b) the series converges absolutely only for x = 4 

(c) there are no values for which the series converges conditionally 



4 satisfies this inequality 



< 1 => ^ lim (-fy) <1 => ^ < 1 =» |x + 2|<2 

2 n — > oo \n+ 1 / 2 1 1 

oo 00 n+l 

=> —2 < x + 2 < 2 => —4 < x < 0; when x = —4 we have Y ~ > a divergent series; when x — 0 we have Y ~ — ■ — 

n=l n=l 

the alternating harmonic series which converges conditionally 

(a) the radius is 2; the interval of convergence is —4 < x < 0 

(b) the interval of absolute convergence is —4 < x < 0 

(c) the series converges conditionally at x = 0 



27 . 



lim 

1 — > oo 



u n +i 


1 =2> lim 


(x + 2) n+1 


n2 n 


U n 


N. i — -r 11111 

n — > oo 


fn+ l)2 n+1 


(x + 2)“ 
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<1=^2 lx -II lim (^±|) < 1 =+ 2 lx- II < 1 

1 1 n^oo vn + l/ i i 

oo 

=> |x — 1 1 < i => — !<x — 1 < | => \ < x < |; when x = | we have ^(n + 1) , a divergent series; when x = | 

n= 1 

oo 

we have^C - 1 ) n (n + 1), a divergent series 

n— 1 

(a) the radius is \ ; the interval of convergence is \ < x < f 

(b) the interval of absolute convergence is \ < x < | 

(c) there are no values for which the series converges conditionally 

< 1 Ixl ( lim — jO ( lim . ln " ) < 1 

1 1 \n — > oo n+1 J yn — > oo ln(n+l)y 

=>• |x|(l) ^lhn^ < 1 => |x| hrn^ <1 => |x| < 1 => — 1 < x < 1; when x = — 1 we have 

2^ n(ln ^ which converges absolutely; when x = 1 we have 2_^ n(lnn)2 which converges 

n=l n=l 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 

< 1 => Ixl ( lim -7r T ') ( lim < 1 

1 1 yn — > oo n+ly yn — ► oo ln(n+l)y 

OO n 

=> |x| (1)(1) <1 => |x| < 1 => — 1 < x < 1; when x = — 1 we have , a convergent alternating series; 

n=2 

oo 

when x = 1 we have Y1 which diverges by Exercise 38, Section 9.3 

n=2 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 



30. 



lim 

1 — > oo 



Un+1 



< 1 => 



lim 

1 — > 00 



n In (n) 



(n+l)ln(n+l) 



29. 



lim 

1 — > oo 



Un+1 



< 1 => 



lim 

1 — > 00 



n(ln n) 2 



(n+1) (In (n+1)) 2 



28. lim 

n — > oo 



< 1 => 



lim 

n — » oo 



(— 2) n+1 (n + 2)(x — l) n+1 



(— 2) n (n + l)(x — l) n 



31. 



lim 

n — i oo 



Un+1 



< 1 



lim 

n — * oo 



(4x - 5) 2n+3 n 3 / 2 

(n + 1) 3 / 2 ' (4x-5) 2 "+> 



<i =» (4x — 5) 2 ( n lim^ 



3/2 



=+ |4x — 5 1 < 1 => — 1 < 4x — 5 < 1 => 1 < x < | ; when x = 1 we have ( 



n=l 

3 V-r (l) 2n+1 

absolutely convergent; when x = | we have 2^ 3/2 , a convergent p-series 

n=l 

(a) the radius is 1 ; the interval of convergence is 1 < x < | 

(b) the interval of absolute convergence is 1 < x < | 

(c) there are no values for which the series converges conditionally 



< 1 => 
OO 

= E 



(4x - 5) 2 < 1 
which is 



32. 



„%o (in+l)< 1 => |3x + 1| < 1 
(— 1 

2n ’ + j , a conditionally convergent series; 

/ivn+l 1 

when x = 0 we have sr+r = z+ 2 n + l > a divergent series 

11=1 n=l 

(a) the radius is | ; the interval of convergence is — | < x < 0 

(b) the interval of absolute convergence is — | < x < 0 

(c) the series converges conditionally at x = — | 



lim 

n -+ oo 



< 1 => lim 

n — > oo 



(3x+ l) n+2 2n + 2 



2n + 4 (3.\ 1) : 



< 1 =$■ |3x + 1| 



=+■ — 1<3x+1<1 =>■ 



| < x < 0; when x = — | we have ^ 
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< 1 => Ixl lim ( q A < 1 for all x 

1 1 n^oo V 2n + 2 / 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



33. lim 

n — > oo 



< 1 => lim 

n — > oo 



2-4'6-'-(2n)(2(n+l)) 



24-6---(2n) 



< 1 => |x| lim f ( j ! . n + 3 | ) .f ) < 1 =>■ only 

x = 0 satisfies this inequality 

(a) the radius is 0; the series converges only for x = 0 

(b) the series converges absolutely only for x = 0 

(c) there are no values for which the series converges conditionally 



34. lim 

n — > oo 



< 1 => 



lim 

n — > oo 



3-5-7---(2n+ l)(2(n+ 1) + l)x n ' 



n 2 2" 



(n+ l) 2 2 n + 1 



3-5-7- --(2n 4- l)x n+1 



35. For the series r^x 11 , recall 1 + 2 + b n = 11111 0 ' 1; and l 2 + 2 2 + • • • + n 2 = n i n+ 1 ^ 2n + 11 S o that ■ 



2 + 2 2 + 

OO / n(n+ 1) 

E 

n=l 



< 1 => lim 

n — > oo 



3x n+1 (2n+ 1) 

(2(n+l) + l) ‘ 3x n 



rewrite the series as £ n , p+ i ) i 2n+1) lx 11 = E then n 

' \ 6 / n=l 

< 1 => |x| < 1 => — 1 < x < 1; when x = —1 we have ( 55 + 1 ) ( — l) n , a conditionally 

n=l 

oo 

convergent series; when x = 1 we have ( 1n 3 f , ) , a divergent series. 



< 1 



Ixl lim 

1 1 n — > oo 



(2n+l) 
(2n + 3) 



(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 



36. For the series ^y/n + 1 — y/nj (x — 3) n , note that y/n + 1 — y/n = v/n + j — ^ — y n + 1 + y- so that we 



can rewrite the series as ^ 



(x~3)° . 



n+ l + \/n 



; then lim 

n — > oo 



< 1 =>• lim 

n — ♦ oo 



(x — 3) n+1 _ y/n+l + yS 

y/n + 2 + y/n + 1 ( x — 3) n 



< 1 



=> |x — 3 1 lim / n t 1 + ) ^— < 1 |x — 3|<l=>2<x<4; when x = 2 we have V , 1 11 — r , a conditionally 

1 'n— *00 y/n + 2+y/n+l 11 ’ 4g y/n+l + y/n' J 

OO 

convergent series; when x = 4 we have J] + 1 + yp a divergent series; 



(a) the radius is 1 ; the interval of convergence is 2 < x < 4 

(b) the interval of absolute convergence is 2 < x < 4 

(c) the series converges conditionally at x = 2 



37. 


lim 


u n +i 


< 1 


=> 


lim 




n — > oo 


U n 


n 


— > 00 


38. 


lim 


U n +1 


< 1 




lim 




n — ► oo 


u n 


n 


—*■ oo 




=H*| <1 


=> R 


9 

— 4 




39. 


lim 


U n +1 


< 1 


=> 


lim 




n — > oo 


U n 


n 


— > oo 


40. 


lim 

n — ► oo 


n/ii 
V Un 


< 1 


=>■ . 

n 


lim \ 

— > 00 \ 



(n + l)!x n+1 



3-6-9- --(3n) 
3-6-9- ■ -(3n)(3(n + 1)) ' n!x" 



< 1 => |x| lim 
1 'n — > oo 



(n+1) 



3(n + l) 



<l=^ 2 r<l=^|x|<3=>R = 3 



(2-4-6- ■ -(2n)(2(n + l))) 2 x n+1 _ (2-5-8- ■ -(3n - 1 )) 2 

(2-5-8- • -(3n — l)(3(n+ 1) — l)) 2 ' (2-4-6- ■ -(2n)) 2 x« 



< 1 => x lim 

1 'n — * oo 



(2n + 2) 2 
(3n + 2) 2 



< i => 1M < i 



( (n + l)!) 2 x D+1 _ 2°(2n)! 
2 n+1 (2(n+ 1))! ’ ( n i) 2 x n 



< 1 => 



x| lim 

n — > oo 



(n+l) 



2(2n + 2)(2n+ 1) 



<l=^^r<l=>|x|<8=>R = 



e => R = e 
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41. lim Un+I < 1 => lim 3 ".E X n ‘ < 1 => Ixl lim 3 < 1 => Ixl < 4 => — j < x < E; at x = — j we have 

n — > oo u n n — > oo -3“ x n 1 1 n — ► oo 1 1 -3 -3 3 5 

oo oo oo oo oo 

EE 3 n (— |) n = EE( — 1)"- which diverges; at x = | we have EE 3 n (E)' 1 = XX - which diverges. The series EE 3 n x n 

n=0 n=0 n=0 n=0 n=0 

oo 

= EE (3x) n is a convergent geometric series when — | < x < | and the sum is j _* 3x . 



42. lim < 1 =► lim 

n — > oo u n n — > oo (e x — 4) 



< 1 => |e x — 41 lim 1 < 1 => |e x - 41 < 1 => 3 < e x < 5 => In 3 < x < In 5; 

1 1 n — > oo 11 



at x = In 3 we have (e ln3 — 4) n = l) n , which diverges; at x = In 5 we have EE (e ln5 — 4)"= J^l, which 

n=0 n=0 n=0 n=0 

oo 

diverges. The series EE (e x — 4) n is a convergent geometric series when In 3 < x < In 5 and the sum is t _ (X- 4 ) = yZ 

n=0 

43. lim Hati < 1 => lim < 1 lim |1| < 1 =» (x - l) 2 < 4 =S> |x - 1| <2 

n — ► oo u n n — > oo 4 n+i (x-l) /n 4 n — ► oo 1 1 1 1 

°° 2n 00 OO 

=> —2 < x — 1 < 2 =>■ — l<x<3;atx = — 1 we have EE ~ 4 j = = which diverges; at x = 3 

n=0 n=0 n=0 

00 . 00 oo 

we have EE y" = EE = EE U a divergent series; the interval of convergence is —1 < x < 3; the series 

n=0 n=0 n=0 



oo / 2\ n 

EE ( (yy-) ) is a convergent geometric series when — 

n=0 x ' 



1 < x < 3 and the sum is 



1 _ 4 _ 4_ 

\ 2 r 4 — (x — 1 1 2 1 4 — x 2 + 2x — 1 3 + 2x- 



44. lim < i => lim fx + ff“ 2 • < 1 =* lim |1| < 1 => (x + l) 2 < 9 =► |x+ 1| < 3 

n — > oo u n n — ► oo * + (* + 1 r n 9 n — > oo 1 1 1 1 

oo 2 n oo 

=4> — 3 < x + 1 < 3 => —4 < x < 2; when x = -4we have EE { ~<J = EE 1 which diverges; at x = 2 we have 



oo oo 

EE fir — EE 1 which also diverges; the interval of convergence is —4 < x < 2; the series 



n=0 n=0 

OO 

Xy (x+l) 2n _ 
Z-/ 9 n 



OO , 2\ n 

EE ( (yr) ) is a convergent geometric series when —4 < x < 2 

n=0 x ' 



and the sum is 



/ x+ n 2 — r o-(x + i) 2 l — 9 — x 2 — 2x — 1 — 8 — 2x — x 2 



45. lim Hsti < 1 => lim • 2 ° „ <1 => I V* ~ 2| < 2 => -2<Wx-2<2 => 0<Wx<4 

n — > oo u n n — ► oo 2 — 2) i v i v v 

oo oo 

=> 0 < x < 16; when x = 0 we have EE ( — l) n , a divergent series; when x = 16 we have EE ( I )", a divergent 

n=0 n=0 

oo / /^_ 2 \ n 

series; the interval of convergence is 0 < x < 16; the series EE ( , ) is a convergent geometric series when 

n=0 s " ' 

0 < x < 16 and its sum is — — = — L — = , 2 r 



46. lim < 1 => lim (1 .? x) . n <1 =$■ lln x| < 1 => 1 < In x < 1 => e 1 < x < e; when x = e 1 or e we 

n->oo | u n | n — > oo | ( in x ) | 1 1 

OO OO OO 

obtain the series EE l n and EE ( — 1)" which both diverge; the interval of convergence is e 1 < x < e; EE 6 n x )“ = jrn 



n=0 n=0 



when e 1 < x < e 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 







616 Chapter 10 Infinite Sequences and Series 



47. lim 

n — ► oo 



< 1 => lim 

n — > oo 



W • (A) - 



< t 



lim |1| < 1 

j n — > oo 1 



’Lil <1 => x 2 < 2 



=> |x| < y/2 => — s/2 < x < \[2 ; at x = ± \[2 we have (l) n which diverges; the interval of convergence is 

n=0 

- \fl < x < y/2 ; the series Y1 ( i s a convergent geometric series when — \J 2 < x < \J~2 and its sum is 

n=0 ' ' 



( x 2 + n 

l 3 ) 



r 3-x z ~n 

l 3 > 



3 

2-x 2 



48. lim 

n — > <x) 



U n +1 


<r" 1 — lim 


(x 2 - l) n+1 


2 n 


U n 


\ 1 — r 11111 

n — > oo 


2 n+1 


(x 2 + 1)” 



<1 => |x 2 — 1 1 <2 => - a/ 3 < x < \/3 ; when x = ± \f?> 



we 



have Y1 1", a divergent series; the interval of convergence is — y/3 < x < y/3 ; the series Y1 ( 

n=0 n=0 3- _ ) 



is a 



convergent geometric series when — \pb < x < \pb and its sum is — = 



2-(x 2 -l’ 



_ 2 

— 3 - x 2 



49. 



<1 => | x — 3 1 <2 => l<x<5; when x = 1 we have ^ (l) n which diverges; 

n=l 

when x = 5 we have — l) n which also diverges; the interval of convergence is 1 < x < 5; the sum of this 

11=1 



lim 

n — > <x) 



(x - 3) n+1 



2" 



2 n+1 



(x — 3) n 



convergent geometric series is — } 3 , = x _ 2 y . If f(x) = 1 — y (x — 3) + | (x — 3) 2 + . . . + (— y) n (x — 3) n + . . . 

1 + (VJ 

= yf-f then f'(x) = — f + l(x — 3) + ... + (— 1) "n(x — 3) n ^' + . . . is convergent when 1 < x < 5, and diverges 
when x = 1 or 5. The sum for f'(x) is (x ~ 2 y, , the derivative of y^y . 



50. If f(x) = 1 - \ (x - 3) + \ (x - 3) 2 + . . . + (- i) n (x - 3) n + . . . = y^r then f f(x) dx 

= x — (x ~ 3) + (x p 3) + . . . + (- y)" f . . . . At x = 1 the series diverges; at x = 5 

n= 1 

/_ i\n 2 

the series 4 n+1 - converges. Therefore the interval of convergence is 1 < x < 5 and the sum is 

n=l 

2 In |x — 1 1 + (3 — In 4), since J dx = 2 In |x — 1 1 + C, where C = 3 — In 4 when x = 3. 



51. (a) Differentiate the series for sin x to get cos x = 1 — 31- + % — %- + yy — -4fr + 



1 X I X X I X X I 

1 91 r 41 fit t {|| jq] "1 



lim 

n — ► 00 



4! 6! 

2n+2 



(2n)! 



(2n + 2)! 



(b) 

(c) 



sin 2x = 2x — =4 + 
2 sin x cos x — 2 [(0 

+ (0 • i + 1 - 0 - 0 
+ (0 • i + 1 - 0 + 0 



= X' 



The series converges for all values of x since 



2 5 x 5 

5! 



lim 

n — > oo 



2 7 x 7 

7! 



( (2n+ l)(2n + 2) ) 

2 9 x 9 _ 2 11 x 11 
11 ! 



= 0 < 1 for all x. 



D + (0 
4-0- 



32x 5 

5! 

2 



3T+0' 



I * * a O y OX_ I 

' 9! 11! ' ** 5 3! ' 

0 + 1 • l)x+ (0 - 4 + 1 - 0 + 0- 1) X 
^j+0-l)x 4 + (0-0+l-yj+0-0+y 
yf+0-y+0-yy+0-l)x® + ...j —2 



(0 

JL 
' 3! 



128x 7 I 
7! ' 

0- 1 



512x 9 2048X 11 

9! 



+ 0 



11 ! 

•0 






+ 0-0 + 1 • 4 X' 

4x 3 , 16x 5 



o Y 2 x | 2 x 2 x | 2 x 

Z,A 3! ' 5! 7! ' 9! 



2 11 x 11 

11 ! 



52. (a) y (e x ) = l + ^y + yy + ^ + yy- + ... = l+ x+ ^ + || + y + ... = e x ; thus the derivative of e x is e x itself 

(b) fe x dx = e x +C = x+ 5f + |[ + ^y + |^ + ...+C, which is the general antiderivative of e x 

(c) e- x = 1 -x + g - §j + + ... ; e _x • e x = 1 • 1 + (1 - 1 — 1 • l)x + (l • yf — 1 - 1 + yf - l) x 2 

+ ( 1 ' j !~ 1 ' 2 ! + 2 !' 1 ^! i ' 1 ) x 3 + ( 1 ' 4! -1 '!! + !!‘!! - !!' 1 + ?!' 1 ) x4 

+ (l'5j — I'ir + M'l! - 5i * Jr + 5i ' ^ — yr • l) x ° + • • • = 1+0 + 0 + 0 + 0 + 0+ ... 
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53 



. (a) ln|secx|+C = J tan x dx = J ^x + y + 



2x 5 , 17)0 , 62x^ 
15 ' r 315 ' 2835 



-) 



dx 



A A I A 

— 2 " 1 " 12 45 



17x 8 | 31x lu 
2520 14,175 



... +C;x = 0 =► C = 0 => In |sec x| = y + ^ + f^ + if^ 



converges when — | < x < 



dx 



(- 



(b) sec 2 x= = d ( X +^ + ^ + ha + 62 x’ 



15 



315 



...) 



bzx \ i _i_ ‘Z I Zx | 1 /x bZx 

2835 '•••/ 1 i A “r ^ “T ^is "i 



2x 4 



17x° 

45 



62x 8 

315 



when - | < x < | 



(c) sec 2 x = (sec x)(sec x) = (l + y + f£ + %£ + -- -) (l + y + 

= 1 + {\ + \) * 2 + ( Jj + \ + h ) * 4 + ^ ^ + ^b) * 6 



a | 5x 4 | 61x 6 | 
9 “T 24 720 






= l+x 2 + ^ + ^ + ^ + ... 



17x 6 , 62x 8 



45 



315 



2 < X < 2 



31x lu 

14,175 



+ . . . , 



converges 



dx 



54. (a) In |sec x + tan x| + C = J sec x dx — J ^1 + y + ^ ^ + . . . j 

. . . + C; x = 0 => C = 0 => In |sec x + tan x| 
. . . , converges when — | < x < | 



= Y 4- — 4- — 4- 61x7 
A “T 6 ~ 24 ~ 5040 

61x 7 
5040 



277x 9 

72.576 

277x 9 

72.576 



(b) secxtanx= ^ = £ (l + T + tr + W + -") = x + 



5x 3 , 61x^ , 277x T 

6 "r 120 1008 



when - | < x < | 



(c) (sec x)(tan x)=(l + ^ + f£ + %£ + 



, converges 



)(^+f + 1T + W + -) 

= x +G + 5) x3 + (il + § + li) xJ + (iB + T5 + 4 + ^n) x '+--- =x + 5 r + Ti5' + im + 



f < x < I 



55. (a) If f(x) = Y a n x ". then f«(x) = Y n(n - l)(n - 2)- • -(n - (k - 1)) a n x n - k and f (k >(0) = k!a k 



a k = ; likewise if f(x) = Y b n x n , then b k = 



_ fW(0) 



a k = b k for every nonnegative integer k 



n=0 



(b) If f(x) = Y a nX n = 0 for all x, then f lkl (x) = 0 for all x =4- from part (a) that a k = 0 for every nonnegative integer k 

n=0 



10.8 TAYLOR AND MACLAURIN SERIES 

1. f(x) = e 2x , f'(x) = 2e 2x , f"(x) = 4e 2x , f"'(x) = 8e 2x ; f(0) = e 2 < 0) = 1, f'(0) = 2, f"(0) = 4, f"'(0) = 8 =» P 0 (x) = 1, 

Pj(x) = 1 + 2 x, P 2 (x) = 1 + x + 2x 2 , P 3 (x) = 1 + x + 2x 2 + ^x 3 

2. f(x) = sinx, f'(x) = cos x , f"(x) = — sinx, f'"(x) = — cosx; f(0) = sinO = 0, f'(0) = 1, f"(0) = 0, f'"(0) — — 1 

=> Po(x) = o, P,(x) = X, P 2 (X) = X, P 3 (x) = x - ix 3 

3. f(x) = In x, f'(x) = i , f"(x) = - f'"(x) = f(l) = In 1 = 0, f'(l) = 1, f"(l) = -1, f'"(l) = 2 => P 0 (x) = 0, 

Pi(x) = (x - 1). P 2 (x) = (x - 1) - i (x - l) 2 , P 3 (x) = (x - 1) - i (x - l) 2 + | (x - l) 3 

4. f(x) = ln(l + x), f'(x) = ^ = (1 + x)- 1 , f "(x) = -(1 + x)~ 2 , f"'(x) = 2(1 + x)~ 3 ; f(0) = In 1 = 0, 

f'(0) =1 = 1, f"(0) = -(I)" 2 = -1, f"'(0) = 2(1)- 3 = 2 => P 0 (x) = 0, P x (x) = x, P 2 (x) = x - f , P 3 (x) = x - f + f 

5. f(x) = i = x- 1 , f'(x) = x — 2 , f"(x) = 2x~ 3 , f'"(x) = -6x- 4 ; f(2) = i , f'(2) = - f"(2) = f'"(x) = - | 

=* P„(x) = 1 . Pdx) = i - 1 (x - 2), P 2 (x) = i - i (x - 2) + i (x - 2) 2 , 

P 3 (x) = i - \ (x - 2) + i (x - 2) 2 - i (x - 2) 3 
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6. f(x) = (x + 2)~\ f'(x) = -(x + 2)- 2 , f"(x) = 2(x + 2)~ 3 , f'"(x) = -6(x + 2)“ 4 ; f(0) = (2)” 1 = ± , f'(0) = -(2)~ 2 
= - \ , f"(0) = 2(2)- 3 = 1 , f'"(0) = — 6(2)— 4 = - | =► P 0 (x) =i,P 1 (x)=i-|, P 2 (x) = § - | + f , 

P3(x) = H-? + T - re 






7. f(x) = sin x, f'(x) = cos x, f"(x) = — sin x, f"'(x) = — cos x; f (|) = s 

f"(s) = ~ «n f = - = -cos ? = - # => P 0 = f ,Pi(x) = ( x ~ ?) ’ 

p 2 (x) = f f (x- 1) - f (X- f) 2 ,P 3 (x) = f + # (X- f) - # (x- l) 2 - 4 (x- |) 



_ VI 
2 ! 



8. f(x) = tan x, f'(x) = sec 2 x, f"(x) = 2sec 2 xtan x, f'"(x) = 2sec 4 x + 4sec 2 xtan 2 x; f (|) = tan | = 1 , 

f' (f) = sec 2 (|) = 2,f"(|) = 2sec 2 (|) tan (|) = 4,f"'(f) = 2sec 4 (f) + 4sec 2 (f) tan 2 (j) = 16 => P 0 (x) = 1 . 
Pi 00 = 1 + 2 (x - f ) , P 2 (x) = 1 + 2 (x - |) + 2 (x - |) 2 , P 3 (x) = 1 + 2 (x - |) + 2 (x - |) 2 + f (x - |) 3 



9. f(x) = a/x = x 1/2 , f'(x) = (i) x” 1 / 2 , f"(x) = (- i) x~ 3 / 2 , f'"(x) = (|) x -5 / 2 ; f(4) = y/4 = 2, 

f'(4) = (|) 4- 1 / 2 = i , f"(4) = (- i) 4- 3 / 2 = - i ,f"'(4) = (|) 4~ 5 / 2 = jfg =► P 0 (x) = 2, P^x) = 2 + ± (x - 4), 

P 2 (x) = 2 + i (x - 4) - i (x - 4) 2 , P 3 (x) = 2 + \ (x - 4) - i (x - 4) 2 + ^ (x - 4) 3 

10. f(x) = (1 - x) 1 / 2 , f'(x) = -1 (1 - x)- 1 / 2 , f"(x) = - \ (1 - x)“ 3 / 2 , f'"(x) = -§(1 - x)- 5 / 2 ; f(0) = (l) 1 / 2 = 1, 

f'(0) = -i (1 y 1 ' 2 = -i , f"(0) = - i (I )- 3 / 2 = -\, f"'(0) = -§ dr 5 / 2 = -§ =► P 0 (x) = 1, 

Pi(x) = 1 & \ x, P 2 (x) = 1 - i x - i x 2 , P 3 (x) = 1 - \ x - i x 2 - x 3 



11. f(x) = e~ x , f'(x) = -e~ x , f"(x) = e~ x , f'"(x) = -e~ x => ... f< k >(x) = (-1)V X ; f(0) = = 1, f'(0) = -1, 

OO 

f"(0) = 1, f"'(0) = -1, ... ,f (k) (0) = (-l) k => e~ x = 1 -x + ix 2 - §x 3 + ... = t^x n 

n=0 



12. f(x) = x e x , f'(x) = x e x + e x , f"(x) = xe x + 2e x , f"'(x) =xe x + 3e x ^ ... f (k) (x) = xe x + ke x ;f(0) = (0)e( 0) = 0, 

OO 

f'(0) = 1, f"(0) = 2, f'"(0) = 3, . . . , f (k) (0) = k => x + x 2 + ±x 3 + . . . = £ ^2_x n 

n=0 



13. f(x) = (1 + x)- 1 => f'(x) = -(1 + x)~ 2 , f"(x) = 2(1 + x)~ 3 , f'"(x) = -3!(1+ x)~ 4 => . . . f< k >(x) 
= (— l) k k!(l + x) _k_1 ; f(0) = 1, f'(0) = -1, f"(0) = 2, f"'(0) = -3!, ... ,f< k >(0) = (— l) k k! 

OO OO 

=> l-x + x 2 -x 3 + ... = E (-x) n = E ( l) n x n 

n=0 n=0 



14. f(x) = f'(x) = f"(x) = 6(1 - x)- 3 , f"'(x) = 18(1 - x)- 4 => . . . f (k) (x) = 3(k!)(l - x)-^ 1 ; f(0) = 2, 

OO 

f'(0) = 3, f"(0) = 6, f"'(0) = 18, . . . , f (k) (0) = 3(k!) => 2 + 3x + 3x 2 + 3x 3 + . . . = 2 + E 3x n 

n=l 



15. sin x = 



E 



n=0 



(-l) n x 2n+1 

(2n+l)! 



=> sin 3x = 



E 



n=0 



(— l) n (3x) 2n+1 
(2n+l)! 



( _ 1) n 3 2n+l x 2n+l _ 3^3 3^5 

2^ (2n+l)! 3! ' 5! 

n=0 



16. sin x = 



OO 



E 

n=0 



(-l) n x 2n+1 

(2n+l)! 



=> sin | 



OO 



E 

n=0 



(-D n (l) 

(2n+l)! 



V (-l)"x 2 ”+‘ _ X 

2^ 2 2ni * l (2n I I)! 2 

n=0 



x I x 

2 :! -3: ' 2 G -5! 



+ ... 



17. 7 cos (— x) = 7 cos x = 7 E ( =7 — + — + . . . , since the cosine is an even function 

n=0 “ n ' 
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18. 



COS X = 



OO 



E 

n=0 



( — 1 )"x“ Q 
(2n)! 



=$■ 5 cos 7 rx = 



OO 



5E 

n=0 



(— 1 ) n (7TX) 2D 

(2n)! 



c _ 5 tt -x - 
J 2! 



5tt 4 x 4 

4! 



57T 6 X 6 

6 ! 



19. cosh x = 



e x + e 
2 



E x 2n 
(2n)! 



( 1 + 



x 2 + 



■M'- 



Y -L E _ E j_ E 
A ' 2! 3! ' 4! 



-■) 



=i+-+-+-+ 

4 2! ' 4! T 6! ~ ' 



20. sinh x = 



(l +x + 



— 4- — 4- — 4— 
2! ' 3! ' 4! ^ ' 



■)-(>- 



v _L E _ E E 
A ' 2! 3! ' 4! 



-•) 



_A '3! t 5! f 6! 



= E 



(2n+l)! 



21. f(x) = x 4 - 2x 3 - 5x + 4 => f'(x) = 4x 3 - 6x 2 - 5, f"(x) = 12x 2 - 12x, f'"(x) = 24x - 12, T 4 )(x) = 24 
=> f (n) (x) = 0 if n > 5; f(0) = 4, f'(0) = -5, f"(0) = 0, f"'(0) = -12, T 4) (0) = 24, f< n) (0) = 0 if n > 5 

=> x 4 - 2x 3 - 5x + 4 = 4 - 5x - f x 3 + % x 4 = x 4 - 2x 3 - 5x + 4 



22. f(x) = 



x+l 



f'(x)-ir# ;f "(x)= ( x +1 ) 



3 ’ 1 W “ (x+l ) 4 



f'"(0) = -6, f (n) (0) = ( — 1 ) n n! if n > 2 => x 2 - x 3 + x 4 - x 5 + . . 



f(n)(x) = f(0) = °> f,(0) = °- = 2 ’ 

oo 

. = £ (-l)V 

n=2 



23. f(x) = x 3 - 2x + 4 => f'(x) = 3x 2 - 2, f"(x) = 6x, f'"(x) = 6 => f (n) (x) = 0 if n > 4; f(2) = 8, f'(2) = 10, 
f"(2) = 12, f'"(2) = 6, f ( n) (2) = 0 if n > 4 =>x 3 -2x + 4 = 8+ 10(x - 2) + § (x - 2) 2 + £ (x - 2) 3 

= 8 + 10(x - 2) + 6(x - 2) 2 + (x - 2) 3 

24. f(x) = 2x 3 + x 2 + 3x - 8 => f'(x) = 6x 2 + 2x + 3, f"(x) = 12x + 2, f'"(x) = 12 => f( n )( x ) = 0 if n > 4; f(l) = -2, 
f'(l) = 11, f"(l) = 14,f"'(l) = 12,f( n )(l) = Oifn > 4 => 2x 3 + x 2 + 3x - 8 

= -2 + ll(x - 1) + f (x - l) 2 + if (x - l) 3 = -2 + ll(x - 1) + 7(x - l) 2 + 2(x - l) 3 

25. f(x) = x 4 + x 2 + 1 => f'(x) = 4x 3 + 2x, f"(x) = 12x 2 + 2, f"'(x) = 24x, f (4 )(x) = 24, &\x) = 0 if n > 5; 

f( — 2) = 21, f'(— 2) = -36, f"(— 2) = 50, f"'(-2) = -48, f0)(-2) = 24, fW(-2) = 0 if n > 5 => x 4 + x 2 + 1 
= 21 - 36(x + 2) + § (x + 2) 2 - |f (x + 2) 3 + ff (x + 2) 4 = 21 - 36(x + 2) + 25(x + 2) 2 - 8(x + 2) 3 + (x + 2) 4 

26. f(x) = 3x 5 - x 4 + 2x 3 + x 2 - 2 =s> f'(x) = 15x 4 - 4x 3 + 6x 2 + 2x, f"(x) = 60x 3 - 12x 2 + 12x + 2, 

f'"(x) = 180x 2 - 24x + 12, fW(x) = 360x - 24, f( 5 >(x) = 360, fM(x) = 0 if n > 6; f(— 1) = -7, 
f'(-l) = 23, f"( — 1) = -82, f"'(-l) = 216, fO)(-l) = -384, T 5 )(-l) = 360, fl n >(— 1) = Oifn > 6 

=► 3x 5 - x 4 + 2x 3 + x 2 - 2 = -7 + 23(x + 1) - § (x + l) 2 + f 5 (x + l) 3 - ^ (x + l) 4 + f? (x + l) 5 
= -7 + 23(x + 1) - 41(x + l) 2 + 36(x + l) 3 - 16(x + l) 4 + 3(x + l) 5 

27. f(x) = X" 2 => f'(x) = — 2x -3 , f"(x) = 3! x” 4 , f"'(x) = -4! x“ 5 => fM(x) = (— l) n (n + 1)! x“ n - 2 ; 
f(l) = l,f'(l) = —2, f"(l) = 3!,f"'(l) = —4!, fW(l) = (— l) n (n + 1)! => 4 

OO 

= 1 -2(x- 1) + 3(x — l) 2 -4(X- l) 3 + ... = £ (— l) n (n+ l)(x - l) n 

n=0 



28. f(x) = -T-j =;> f'(x) = 3(1 - x)- 4 , f"(x) = 12(1 - x)~ 5 , f"'(x) = 60(1 - x)” 6 => f^(x) = 4+^1 (1 - x)""- 3 

(1 x) 

f(0) = 1, f'(0) = 3, f"(0) = 12, f"'(0) = 60, ... , f (n) (0) = 4+^)1 => = 1 + 3x + 6x 2 + 10x 3 + ... 

_ (n + 2Kn+ 1) ,, n 
n=0 
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29. f(x) = e x => f'(x) = e x , f"(x) = e x =>■ f (n )(x) = e x ; f(2) = e 2 , f'(2) = e 2 , . . . f (n >(2) = e 2 

2 S 2 

=> e x = e 2 + e 2 (x - 2) + | (x - 2) 2 + §j (x - 2) 3 + . . . = £ |r ( x - 2) n 

n=0 



30. f(x) = 2 X => f'(x) = 2 X In 2, f"(x) = 2 x (ln 2) 2 , f"'(x) = 2 x (ln 2) 3 => f (n )(x) = 2 x (ln 2 ) n ; f(l) = 2, f'(l) = 2 In 2, 
f"(l) = 2(ln 2) 2 , f"'(l) = 2 (In 2) 3 , . . . , fW(l) = 2(ln 2) n 

=> 2 X = 2 + (2 In 2)(x - 1 ) + (x - l) 2 + (x - l) 3 + . . . = f) 2(in2)"(x-i)° 

n=0 



31. f(x) = cos(2x + f ), f'(x) = — 2sin(2x + |), f"(x) = — 4cos(2x + |), f"'(x) = 8 sin(2x + |), 

f (4) (x) = 2 4 cos(2x+ I), f (5 )(x) = -2 5 sin(2x+ f), . . ;f(|) = -l,f'(f) = 0, f"(f) = 4,f" , ( 77 ) = 0, f (4) (^) = 2 4 , 
fO)(|) =0. ...,C 2n >(f) = (— l) n 2 2n => cos(2x+f) = -l+2(x- |) 2 - §(x- |) 4 + ■ • • 



32. f(x) = y/x+1, f'(x) = i(x + 1 r l/2 , f"(x) = -i(x + 1 y 3/1 , f"'(x) = | (x + 1)~ 5/2 , f( 4) (x) = -||(x 4- 1)~ 7/2 , . . .; 

f(0) = 1, f'(0) = f"(0) = -i, f"'(0) = |, f (4 >(0) = -j§,...=* \/ x + 1 = 1 + jx - ix 2 + ^x 3 - ^x 4 + . . . 

33. The Maclaurin series generated by cosx is ^2 ^yj-x 2n which converges on (— oo, oo) and the Maclaurin series generated 

n=0 

oo 

by is 2^2 x " which converges on (— 1, 1). Thus the Maclaurin series generated by f(x) = cos x — ] 2 - is given by 

n=0 

oo n 00 

Y2 fen-x 2n — ^E x n == — 1 — 2x — 3 x 2 — . . . . which converges on the intersection of (— oo, oo) and (—1, 1), so the 

n=0 ' n=0 

interval of convergence is (—1, 1). 



34. The Maclaurin series generated by e x is Y2 which converges on (— oo, oo). The Maclaurin series generated by 

n=0 

oo a 

f(x) = (1 — x + x 2 )e x is given by (1 — x + x 2 ) ^ = 1 + ^x 2 + =x 3 . . . . which converges on (— oo, oo). 

n=0 



35. The Maclaurin series generated by sinx is ^2 ( 2 n+\)! x2n+1 which converges on (— oo, oo) and the Maclaurin series 



n=0 



°°^ /_ i) n_ l 

generated by ln(l + x) is - — - — x 11 which converges on (—1, 1). Thus the Maclaurin series genereated by 

n=l 

f(x) = sinx • ln(l + x) is given by (ferrjr x2n+1 ) (e j - ~ 2 - ■ 6 

the intersection of (— oo, oo) and (—1, 1), so the interval of convergence is (—1, 1). 



= x 2 — lx 3 + lx 4 — ... . which converges on 



36. The Maclaurin series generated by sinx is )C 7^22_ x 2n+1 which converges on (— oo, oo). The Maclaurin series 



n=0 



genereated by f(x) = x sin 2 x is given by x x 2n + 1 J = x ( f) (^TyyX 2n+1 ) ( f) y^-TT)!^ 1 

= x 3 — |x 5 + ^x 7 + . . . which converges on (— oo, oo). 



37. If e x = ^2 ( x — a) n and f(x) = e x , we have f^ n ^(a) = e a f or all n = 0, 1, 2, 3, . . . 



_ g fW(a) 
n=0 

(X - a)° , (x - a) 1 , (x - a) : 



=> e A = e 



I ~ a J | ~ a J | 

0! ' 1! ' 2! * * * * 



= e 



1 + (x - a) + + . . . 



at x = a 
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38. f(x) = e x 



fM(x) = e x for all n => f( n )(l) = e for all n = 0, 1, 2, . . . 



=> e x = e + e(x - 1) + ^ (x - l) 2 + ff (x - l) 3 + . . . = e 



1 + (x - 1) + 



(x-l) 2 



+ 



(x-l) 3 



+ ... 



39. f(x) = f(a) + f'(a)(x - a) + ^ (x - a f + (x - a) 3 + . . . => f'(x) 

= f'(a) + f"(a)(x - a) + 3(x - a) 2 + . . . =>■ f"(x) = f"(a) + f'"(a)(x - a) + 4 • 3(x - a) 2 + . . . 

=)> f ( n )(x) = fM(a) + f (n+1) (a)(x - a) + (x - a) 2 + . . . 

=> f(a) = f(a) + 0, f'(a) = f'(a) + 0. . . . , C n) (a) = f< n >(a) + 0 



40. E(x) = f(x) — b 0 - bi(x - a) - b 2 (x — a) 2 - b 3 (x - a) 3 - . . . - b n (x — a) n 
=> 0 = E(a) = f(a) — bo => bo = f(a); from condition (b), 

f(x) - f(a) - bi(x - a) - b 2 (x - a) 2 - b 3 (x - a) 3 - . . . - b n (x - a) 1 _ q 



lim 

x — > a 

bi = f'(a) 



(x — a) n 

f'(x) — bi — 2 b 2 (x — a) — 3bs(x — a) 2 — ... — nb n (x — a) n ~ 
n(x — a) n_1 

f"(x) — 2b 2 — 3 ! b 3 (x — a) 



lim 

x — > a 



= o 

- n(n - l)b„(x - a)° 



=> b 2 = | f"(a) => Y lim Q 



n(n — l)(x — a) n ~ 2 
f"'(x) - 3! b 3 - . . . - n(n - l)(n - 2)b n (x - a)”- 3 



- =0 
= 0 



x — > a n(n- l)(n - 2)(x - a) n 3 

= b 3 = 3, f'"(a) => lirn f( ’(x)-n!b n _ q | 3 n = f( n )( a ); therefore, 



= 0 

g(x) = f(a) + f'Ca)(x - a) + ^ (x - a) 2 + . . . + ^ (x - a) n = P n (x) 



41. f(x) = In (cos x) => f ; (x) = — tan x and f r, (x) = — sec 2 x; f(0) = 0, f / (0) = 0, f"(0) =—!=>• L(x) = 0 and Q(x) = 



42. f(x) = e sinx => f'(x) = (cos x)e sinx and f"(x) = (- sin x)e sinx + (cos x) 2 e sinx ; f(0) = 1, f'(0) = 1, f"(0) = 1 
=> L(x) = 1 + x and Q(x) = 1 + x + ^ 

43. f(x) = (1 - x 2 )“ 1/2 f'(x) = x(l - x 2 ) _3/2 and f"(x) = (1 - x 2 ) _3/2 + 3x 2 (1 - x 2 ) _5/2 ; f(0) = 1, f'(0) = 0, 

f"(0) = 1 => L(x) = 1 and Q(x) = 1 + f 

44. f(x) = cosh x =>■ f'(x) = sinh x and f"(x) = cosh x; f(0) = 1, f'(0) = 0, f"(0) = 1 =>■ L(x) = 1 and Q(x) = 1 + y 

45. f(x) = sin x =>■ f'(x) = cos x and f"(x) = — sin x; f(0) = 0, f'(0) = 1, f"(0) = 0 => L(x) = x and Q(x) = x 

46. f(x) = tan x =)> f'(x) = sec 2 x and f"(x) = 2 sec 2 x tan x; f(0) = 0, f'(0) = 1, f" = 0 => L(x) = x and Q(x) = x 

10.9 CONVERGENCE OF TAYLOR SERIES 



1. e x = l+x+^ + ... 



OO , 

E s =* e- 5x =l + (-5x) + C^ 

n=0 



l-5x + ^^^ + ...=E ^ 

n=0 



2. e x =l+x+^ + ...=Es^ e- x / 2 = l + (f) + 



_ — 1 _ x I JC i 

' • • • 1 9 I 9291 939! ' 



OO 



E 

n=0 



(-l) n x n 

2 n n! 



3. sinx = x— fr + lr'" 



_ (-l) n x 2n+1 

2^ (2n+l)! 

n=0 



5 sin(— x) = 5 



Y \ _ Ml j_ 

A / 9! ' S» 



_ 5(-l) n+1 x 2n+1 

— 2^ (2n+l)! 

n=0 



4. sin X = X — |y + |y - 



(_l)”x 2n+1 
2-^ (2n+l)! 

n=0 



sin f 



/7rX\3 /7TX\5 /7 tx\7 

7TX _ V 2 ) I \ 2 ) _ \ 2 ) I 

2 3! ‘ 5! 7! ^ 



_ ^ (— 1 ) n 7 r 2 n+ 1 x 2n+1 
2^ 2 2n+1 (2n+l)! 

n=0 
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5. cos x = £ 4^Tr“ ^ cos 5x2 = E 



(2n)! 



2 _ (— l) n [ 5x 2 ] 2 ” _ (— l) n 5 2n x 4n _ , 25x 4 , 625x 8 15625x 12 

(2n)! — E-' (2n)! — 1 2! 4! 6! 

n=0 n=0 



°° / i \n 2n 

6. cos x = £ 




2 n (2n) ! 



— 1 X L X I 

2-2! “ 2 2 -4! 2 3 -6! ' ' 



7. ln(l + x) = £ =* ln(l + x 2 ) = £ ElTVl! = £ CiiEE = x 2 - ^ 

n=l n=l n=l 



3. tan l x = 



2n+ 1 



tan -1 (3x 4 ) = £ ( " 1 £ 3 + x4 1 )2n+1 = £ ( - 1)n32 ; +lx8 " +4 = 3x 4 - 9x 12 + ^x 20 

n=0 n=0 



oo oo oo 

9. £7 = e (-i)v =*x$£= e (-i) n (^ 3 ) n = e (-ira)V" = t - 1*3 + gx® + 



10 - rb = E xI1 ^ 231 = 5T3U = 5E (5 x ) n = E {h) n+1 x° = 5 + ? x + 5 x2 + r x3 



11- e x = E £ 

n=0 



xe" = x I E nT 

\n=0 



= E V= X + x2 +|T + fT + |T 

n=0 



12 . sin x = E 



_ (~l)°x 21 



n=0 



(2n+l)! 



x 2 sinx = x 2 (£ 

\n=0 



= E 



(-l) n x 2n+3 _„3_x^,x^_x^, 
(2n+l)! 3! ' 5! 7! ^ ' 



( 1 \n Y 2n 9 9 , oc . / 1 \n v 2n 

13. COS X = E Sn )T =* y-l+cosx=^-l + E Sn )T 



X 111 X I X X I X 

2 1 ' 1 2 ' 4! 6! 8! 



_ x_ 1 x_ _ 2L_ _l ( 

— 4! 6! 8! 10! ' ’ ‘ ~ 2^' 



(2n)! 



14. sin x = E ( 2n+ i)! 

n=0 



=> sin x — x + |y = ( E 



n=0 



(-l) n x 2n+I 

(2n+l)! 



X+ 



(x-fl 



X I X X I X X I 

~ 1 ~ 5! 7! ' 9! 11! ' ' 



\ v 3 x 5 x 7 x 9 x 11 J2. 

•J^x+jy — 5T — 7T + 9T — TTT + -- - — E 



(-l) n x 2n+1 

(2n+l)! 



15. cosx = E 



(2n)! 



X COS 7TX = X E 



(— l)°(7rx) 2 ° _ v-x (-1)% 2 °X 2 ° +1 _ Y ,r 2 x 3 , 7T 4 x ! 



(2n)! 



= E 

n=0 



.2 v 3 _4 V 5 _6„7 



(2n)! 



= X 



2! ' 4! 



+ 



16. cos x = E ^ x 2 cos (x 2 ) — x 2 E 



(-1)° (x 2 ) 2 ° _ vv (-l)°x*-+ 2 _ 2 



(2n) ! 



= E 



v 10 v 14 



(2n)! 



+ . 



1 7 ms 2 Y _ 1 1 cos 2x _ I , 1 V (-D°( 2x ) _ 1 , 1 
I /. LUS A— 2 t 2 — 2 t 2A (2n)! — 2 ” r 2 



i (2x) 2 (2x) 4 (2x) 6 (2x) 8 

1 2! 4! 6! “ r 8! 



= 1 _ <2^ , (2x£ _ (2x£ , (2x£ _ - 1 | V 3 (-i) n (2x) 21 , , y- (-1)" 2 2 "-' x 2 ° 

1 2-2! _r 2-4! 2-6! “ r 2-8! 1 ' 2-(2n)! 1 4 (2n)! 



18. sin 2 x= (i^L 2 *) = \ - \ cos2x= \ - ± (l 

_ (— l) D+1 (2x) 2n _ C' (~l)°2 2n - 1 x 2n 



(2x) 2 , (2x) 4 (2x) 6 

2! ' 4! 6! ' 



-) 



_ (2x) 2 (2x) 4 ■ (2x) 6 

— 2-2! 2-4! “ r 2-6! 



= E 

n=l 



= E 

n=l 
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19. = x 2 (y^j) = x 2 ( 2x ) n = E 2 n x n+2 = x 2 + 2x 3 + 2 2 x 4 + 2 3 x 5 + 



n=0 n=0 



20. x In (1 + 2x) = x 

n=l 



(— l) n ~ 1 (2x) n _ ^ (~l) a - l 2 a x Q+1 _ 2 2 x 3 , 2 3 x 4 2 4 x 5 , 

n — 2^ n — ZA 2 ' 4 5 

n= 1 



21. = J2 x n = 1 + x + x 2 + x 3 + . 

n=0 



=* £(£) = ni F = l+2x + 3x 2 + ... =E nx n -‘ = E (n+l) x " 



n=0 



22. 



(l-x) 



2 / \ °° 

= S*(l=i) = s((T=Jf) =s( 1 + 2x + 3x2 + ---)=2 + 6x+12x 2 + ... =En(n-l)x"- 2 



= E ( n + 2)(n + l)x n 

n=0 



23. tan 'x = x 



yX 3 + yX 5 — 2 x 7 



= x 3 






t „n 

5 X 



1„15 

7 X 



=$■ xtan 'x 2 = x( x 2 



_ ^ r ; "v" 



(x= - i(x^) a + i(x=)= - l(x=) T + . . . ) 



= E 



2n — 1 



24. sin x = x - |y + + . 



„ 4x 3 | 16 x 3 64 x | 

— A 3! ' 5! 7! ' • 



sin x • cos x = 2 sin 2x = 2 ^2x 



( 2 xf 

3! 



+ 



(2x) 5 



= X 



2x J | 2x 3 4x' 

3 “T" 15 315 



_ ^ (-l) n 2 2n x 2n+1 
~ (2n+l)! 



(2xf 

7! 



...) 



25. e x = 1 + X + fy + fy + 



and y^r = 1 — x + x 2 — x 3 + 



l 

l+x 



= (l +X + ^ ^ + ...) + (1 -x + x 2 -x 3 + ...) = 2+ fx 2 - |x 3 + =fx 4 + ... = + (-l) n ) xI1 



26 . sinx = x— + — yy + ... and cos x = 1 — |y + |y — §7 + . . . =>• cos x — sin x 

— fi_x 2 i_x 4 _x 6 i 4 

— C 2! " r 4! 6! " r ■ • • J \^ A 3! ' 5! 7! ~ r ' ' ' J ~ 1 A 2! “ r 3! “ 4! 5! 6! _r 7! ” r ' ' ' 



E ( (-lfx 21 ( — l) n x 2n+1 



“EE < 2 “> ! 



(2n+l)! 



) 



27. ln( l+x) =x - |x 2 + |x 3 - ix 4 + ... => f ln(l + x 2 ) = f(x 2 - 2 (x 2 ) 2 + |(x 2 ) 3 - i(x 2 ) 4 + ...) 



I y 3 _ 1 y 5 i 1 y 7 _ J_ y 9 
3 A 6 A ' 9 12 A 



= E 



' x 2n.l 



3n 



28. ln(l + x) = x — yX 2 + yX 3 — t x 4 + . .. and ln(l — x) = — x — 2 x 



I v 2 _ I y 3 _ 1_4 
3 X 4 X 



+ ... =>ln(l+x) -ln(l -x) 



= (x-ix 2 + ix 3 -ix 4 + ...)^(- 



X — 2 X" — 2 X J — 2 X’ + . . . ) = 2x + |x 3 + |x 5 + . . . =J2 ++ 7 +X' 



I„2 _ 1„3 _ I y 4 

2 X 3 X 4 2 



2 y 2n+l 
2n+r 



29. e x = 1 + x + + |y + . . . and sin x = x — |y + |y — yy + . . . =>■ e x • sin x 



- (i+ x +|t + |t + ---)( 



-y A I A A |_ 

A 3! ' 5! 7! ' 



•••) 



= x + X 2 + yX 3 - yyX 5 



30. ln(l + x) = x — |x 2 + |x 3 - yx 4 + . . . and , 3 x = 1 + x + x 2 + x 3 + . . . 



ln( l+x) 



= ln(l + x) • jE, 



= (x - 2 X 2 + E 3 - 3 x4 + • • ■ ) <4 + x + X 2 + X 3 + • • • ) = x + 5 x2 + ! x3 + TI x4 + • ■ 
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31. tan 'x = x 



!x 5 + ix 5 - ix 7 



(tan *x)“ = (tan 1 x)(tan 1 x) 



= (x — jX 3 + yX 5 — yX 7 + . . .) (x — yX 3 + yX 5 — yX 7 + . . .) = x 2 — |x 4 — j|x 6 - 



44 8 , 

105 A ^ ' 



32. sin x = x - |y + |y - + 



and cosx=l-| T + | r -| T + . 



cos"x • sin x = cos x • cos x • sin x 



— cos x • y sin 2x=i(l-g + ff-^ + ...)(: 



2x 



(2xf 

3! 



+ 



(2x) 5 



(2x) 7 

7! 



+ 



-) 



= X 



Zx 3 

6 X 



61 5 _ 1247 7 

120 A 5040 A 



33. sin x = x - £ + ll — % + . 
=> e smx = 1 + (x - £ + ^ 
= 1 + X + yX 2 - ix 4 + . . . 



7 X? + • • •) 

) 7 +- 



34. sin x = x - |y + |y - + 



and tan 2 x = x — lx 



! v 3 



lx 5 — IfX 1 + 



sin(tan 'x) = (x — yX 3 + yX 5 — 






i x 3 
3 A 



1 v 5 



ix 7 + ...) +iio(x^|x 3 +ix 5 -ix 7 + ...)■ -5 ^o(x-|x 3 + 



1 y 5 _ 1 y 7 
5 X 7 X 



Y 1 _ y^ _l 3 y 5 _5_ y 7 1 

— A 2 a T gA 16 A . 



and e x = l+ x+ K + fr 



_ 51 4. 

7! ^ ' 



)+z( x_ t! + t! _ fi + -- -) +s( x— fy + tr“ yy + -- -) + 



35. Since n = 3, then C 4 )(x) = sinx, |C 4 )(x)| < M on [0, 0.1] => | sin x| < 1 on [0, 0.1] => M = 1. Then IR3 (0.1) | < 1 ^ al 4 , 
= 4.2 x 10~ 6 => error < 4.2 x 10~ 6 



36. Since n = 4, then C 5 )(x) = e x , |C 5 )(x)| < M on [0, 0.5] => |e x | < y/e on [0, 0.5] => M = 2.7. Then 
|R 4 (0.5)| < 2.7 |a5 s 7° |5 = 7.03 x 10~ 4 =>- error < 7.03 x 10~ 4 

37. By the Alternating Series Estimation Theorem, the error is less than y- => |x| 5 < (5!) (5 x 10“ 4 ) =* l A | 5 < 600 x 10" 4 

=> | x | < \J 6 x IQ" 2 « 0.56968 



f-5) 4 



24 



38. If cos x = 1 — y and |x| < 0.5, then the error is less than 

since the next term in the series is positive, the approximation 1 
Theorem 



0.0026, by Alternating Series Estimation Theorem; 
y is too small, by the Alternating Series Estimation 



39. If sin x = x and |x| < 1 0 3 , then the error is less than (1 ° 3 , - « 1.67 x 10~ 10 , by Alternating Series Estimation Theorem; 
The Alternating Series Estimation Theorem says R 2 (x) has the same sign as (] . Moreover, x < sin x 

=> 0 < sin x - x = R 2 (x) =>■ x < 0 =$■ -10” 3 < x < 0. 



40. a/T 



Y-Ixl-L + l 

A 1 ‘ 2 8 ^ 16 



= 1.25 x 10 



-5 



By the Alternating Series Estimation Theorem the |error| < 




< 



(0.01) 2 

8 



41. |R 2 (x)| = 



< — — < 1.87 x 10 4 , where c is between 0 and x 



42. |R 2 (x)| = 



< = 1.67 x 10 4 , where c is between 0 and x 



43. stf x = (iyiX) = j - 1 co s 2x = I - ! (l - %2 + ¥ _ !|£ + ...) 

(™ ! x) = 1 (¥-¥ + ¥-■..) 



6_ 

dx 



_ 9y _ W , ( 2 xf _ (2x)l , 

Z,A 3! ' 5! 7! ' - 



= 2x — yy- + yy — yy + . . . = sin 2x, which checks 



2x 2 _ 2V , 2 V 

2! 4! 6! 

=> 2 sin x cos x 
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44. cos“ x = cos 2x 4- sin 2 x = 1 



(2x) 2 , (2x) 4 (2x) 6 , (2x) 



2! ' 4! 



6 ! 



+ 



+ .. 






2 3 x 4 i 2^ 
4! ^ 6! 






= 1 - & + 2 : 

i 0(1 



3 v 4 o 5 v 6 



I | Y 2 _j_ 1 y 4 _2_ y 6 I 1 y 8 

4! 6! ' ••• 1 A ' 3 A 45 A ' 315 A 



45. A special case of Taylor's Theorem is f(b) = f(a) + f'(c)(b — a), where c is between a and b =>■ f(b) — f(a) = f'(c)(b — a), 
the Mean Value Theorem. 



46. If f(x) is twice differentiable and at x — a there is a point of inflection, then f"(a) = 0. Therefore, 

L(x) = Q(x) = f(a) + f'(a)(x — a). 

47. (a) f" < 0, f'(a) = 0 and x = a interior to the interval I =>■ f(x) — f(a) = Mp! ( x — a) 2 < 0 throughout I 

=> f(x) < f(a) throughout I => f has a local maximum at x = a 
(b) similar reasoning gives f(x) — f(a) = 1 ( „ C2j (x — a) 2 > 0 throughout I => f(x) > f(a) throughout I => f has a 
local minimum at x = a 



48. f(x) = (1 - x)- 1 => f'(x) = (1 - x)- 2 => f"(x) = 2(1 - x)~ 3 f (3 4x) = 6(1 - x)" 4 

=> f< 4 )(x) = 24(1 — x) -5 ; therefore w 1 + x + x 2 + x 3 . |x| <0.1 



to ^ ^ to 

11 ^ l-x ^ 9 ^ 



(l-x) 5 



10 X 5 



<(f) 



(l-x) 5 



<x 4 (f) 5 



the error e3 < 



tf< 4 >(x)x 4 



< (0.1) 4 (^) 5 = 0.00016935 < 0.00017, si 



since 



f (4 >(x) 




1 


4! 




(1-X) ! 



49. (a) f(x) = (l+x) k =>• f'(x) = k(l +x) k "‘ 
=> Q(x) = 1 + kx + x 2 
(b) |R 2 (x)| = l^x 3 ! < 4 =» |x 3 | < yig 



f"(x) = k(k l)(l-4- x) k_2 ; f(0) = 1, f'(0) = k, and f"(0) = k(k - 1) 



0 < x < yggi/3 or 0 < X < .21544 



50. (a) Let P = x 4- 7r => |x| = |P — 7r| < .5 x 10 n since P approximates n accurate to n decimals. Then, 

P + sin P = (tt + x) 4- sin (tt 4- x) = (tt + x) — sin x = 7r 4- (x — sin x) => | (P 4- sin P) — 7r| 

= | sin x — x| < yg- < 2225 x < .5 x 10~ 3n =4 P 4- sin P gives an approximation to tt correct to 3n decimals. 

OO OO 

51. If f(x) = a n x n , then f (k 4x) = n ( n — l)(n — 2)- • -(n — k 4- l)a n x n ~ k and fW(0) = k! a^ 

n=0 n=k 

f (k) ('O') 

=> ak = k , for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the corresponding 
coefficients in the Maclaurin series of f(x) and the statement follows. 



52. Note : f even =)> f(— x) = f(x) — f'(— x) = f'(x) => f'(— x) = — f'(x) => f' odd; 

fodd => f(-x) = -f(x) => -f'(-x) = -f'(x) => f'(-x) = f'(x) => f' even; 
also, f odd f(-0) = f(0) => 2f(0) = 0 => f(0) = 0 

(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore, 
ai — a.) = a.-, — . . . =0; that is, the Maclaurin series for f contains only even powers. 

(b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x = 0. Therefore, 
ao — a-_> = a i = . . . =0; that is, the Maclaurin series for f contains only odd powers. 



53-58. Example CAS commands: 

Maple : 

f := x -> l/sqrt(l+x); 
xO := -3/4; 
xl := 3/4; 

# Step 1 : 

plot( f(x), x=x0..xl, title="Step 1: #53 (Section 10.9)" ); 
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# Step 2: 

PI := unapply( TaylorApproximation(f(x), x = 0, order=l ), x ); 

P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x ); 

P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x ); 

# Step 3: 

D2f := D(D(f)); 

D3f := D(D(D(f))); 

D4f:=D(D(D(D(f)))); 

plot( LD2f(x),D3f(x),D4f(x)], x=x0..xl, thickness=[0,2,4], color=[red, blue, green], title="Step 3: #57 (Section 9.9)" ); 
cl := xO; 

Ml := abs( D2f(cl) ); 
c2 := xO; 

M2 := abs( D3f(c2) ); 
c3 := xO; 

M3 := abs( D4f(c3) ); 

# Step 4: 

R1 := unapply( abs(Ml/2!*(x-0) A 2), x ); 

R2 := unapply( abs(M2/3!*(x-0) A 3), x ); 

R3 := unapply( abs(M3/4!*(x-0) A 4), x ); 

plot( [Rl(x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color=[red, blue, green], title="Step 4: #53 (Section 10.9)" ); 

# Step 5: 

El := unapply( abs(f(x)-Pl(x)), x ); 

E2 := unapply( abs(f(x)-P2(x)), x ); 

E3 := unapply( abs(f(x)-P3(x)), x ); 

plot( [El(x),E2(x),E3(x),Rl(x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color=Lred, blue, green], 
linestyle=[l, 1,1, 3,3.3], title="Step 5: #53 (Section 10.9)" ); 

# Step 6: 

TaylorApproximation( f(x), view=[x0..xl, DEFAULT], x=0, output=animation, order=l.,3 ); 

LI := fsolve( abs(f(x)-Pl(x))=0.01, x=x0/2 ); # (a) 

R1 := fsolve( abs(f(x)-Pl(x))=0.01, x=xl/2 ); 

L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 ); 

R2 := fsolvef abs(f(x)-P2(x))=0.01, x=xl/2 ); 

L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 ); 

R3 := fsolve( abs(f(x)-P3(x))=0.01, x=xl/2 ); 

plot( [El(x),E2(x),E3(x),0.01], x=min(Ll,L2,L3)..max(Rl,R2,R3), thickness=[0,2,4,0], Unestyle=[0, 0,0,2], 
color=[red, blue, green, black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)" ); 
abs('f(x)'-'P'[l](x) ) <= evalf( El(x0) ); # (b) 

abs('f(x)'-'P'[2](x) ) <= evalf( E2(x0) ); 
abs('f(x)'-'P'[3](x) ) <= evalf( E3(x0) ); 

Mathematica : (assigned function and values for a, b, c, and n may vary) 

Clear[x, f, c] 

f[x_]= (l+x) 3/2 

{a, b}= {-1/2,2]; 

pf=Plot[ f[x], { x, a, b}]; 

polyl[x_]=Series[f[x], {x,0,l }]//Normal 

poly2[x_]=Series[f{x] , { x,0,2 } ]//Normal 

poly3Lx_]=Series[f[x], {x,0,3]]//Normal 

Plot [ { f[x], poly l[x], poly2[x], poly3[x]}, ]x,a,b], 

PlotStyle ->■ {RGBColorl 1,0,0], RGBColor[0,l,0], RGBColor[0,0,l ], RGBColor{0,.5,.5] }]; 
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The above defines the approximations. The following analyzes the derivatives to determine their maximum values. 
f'[c] 

Plot[f'[x], {x, a, b } ] ; 
f"[c] 

Plot|f"Lx],{x,a,b}]; 

f'"[c] 

Plot[f"'[x], {x, a, b } ]; 

Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds ml, m2, and m3 can be defined 
and bounds for remainders viewed as functions of x. 
ml=f'[a] 
m2=-f"[a] 
m3=f"'[a] 
rl [x_]=ml x 2 /2! 

Plot[rl[x], { x, a, b } ] ; 
r2[x_]=m2 x 3 /3! 

Plot[r2[x], { x, a, b } ] ; 
r3[x_]=m3 x 4 /4! 

Plot[r3[x], { x, a, b } J ; 

A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a 
value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless. 

Plot3D|f'[c] x 2 /2!, {x, a, b}, {c,a,b}, PlotRange -> All] 

Plot3D[f"[c] x 3 /3!, {x, a, b}, {c, a, b}, PlotRange -► All] 

Plot3D[f"'[c] x 4 /4 !, {x, a, b}, {c,a,b}, PlotRange -► All] 

10.10 THE BINOMIAL SERIES 



1. (1+x) 1 / 2 ^ l + |x+ (s)( 2 ,s) x2 + ^)( 111 s) x3 + ,_, = 1 + I X _1 X 2 + _^ X 3_ 1 

2 . (1 + X )i/3 = i + i x+ (iK^M + (l)(-j)H) x3 + .., = i + i x -ix 2 + Ax 3 - 



3. (1 -x)- 1/2 = 1 - l(-x) + 



H) H)<~ x > 2 I H)H)(-f)(- x > 3 

Ot ' 'll 



+ ... = l + ix+|x 2 + ^x 3 + ... 



4. (1 - 2x) 3 / 2 = 1 + 1 (— 2x) + 






+ ... =1— x-|x 2 - jX 3 



5. (1 + I)" = l-2(|) + <=**=*111! + + ... = 1 - x+ lx 2 - |x 3 

6. (! - j ) 4 = 1 + 4 (- f ) + mjplt + t) 3 + (- f) 4 + o + . . , = 1 - |x + | x 2 - x 3 + ^x 4 

7. (1 + X 3 )“ 1/2 = 1 - 1 X 3 + HIH + (-s)(-fH-i)(* 3 ) + . . . = 1 - I x 3 + § X 6 - ^ X 9 + . . . 

8. (1 +x 2 )“ 1/3 = 1 - lx 2 + H) Izil (x2) ~ + HI 1Hz 1) H + ... = 1 - lx 2 + | X 4 - If x 6 + ... 



9 o I n 1 / 2 _ 1 I wn I (IHzlHil! , (ilHHzMl! , + + ^ + 

y -l i + xl — i + 2Vxl + 2! 3! 1 + 2x 8x 2 + 16x 3 ’ • ’ 
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10. 



yfe = x(l + x)- 1 ' 3 = x (l - (- |)x + HlizM + H> (- jj (- i>* + . . . ) 



— y Iy 2 -I- 2 y 3 _ 14 y 4 

a r g a 81 A 



H. (l+x) 4 = l+4x+« + ^« + m^ = l+4 X + 6x 2 +4x 3 + x 4 

12. ( 1 + x 2 ) 3 = 1 + 3x 2 + + (3)(2)( 3 1 , )(x2)3 = 1 + 3x 2 + 3x 4 + x 6 

13. (1 - 2x) 3 = 1 + 3(— 2x) + (3)(2) 2 ( ~ 2x)2 + (3)(2)( 3 ) , ( - 2x)3 = 1 - 6x + 12x 2 - 8x 3 

14. (i - d< = i + 4 (- 1) + asjJpl! + '<»>»>(— ;)■ + «)o>2 ».) 1 21 = i _ 2x + 1 X 2 _ i + 4. X 4 



r 0 - 2 r° 2 / fi 

15. f o sinx 2 dx = / o (x 2 -|f + ^ 
|E| < ^ « 0.0000003 



•••) 



dx = 



X X ! 

3 7-3! “*■ * ‘ * 



0.2 


„3 ' 




X 


0 


3 



0.2 



0.00267 with error 



J o 



n 0.2 v 

16. f 

Jo x 

= h + 



dx = 



/.“K'-x+a-S + s 



>)<*■ =/:t 



.1 _L X _ Xl , Xl 
1 ^ 2 6 ^ 24 



•••) 



dx 



18 



+ ... 



0.2 



-0.19044 with error |E| < ^ « 0.00002 



17 - /o° 1 7TT7 dx= X° 1 ( 1 -T + f -•••) 



dx = 



■ o.i 
- 0 



[x]q 4 « 0.1 with error 



|E| < ^ = 0.000001 






dx = 



X 4. _ 51 4. 

X ' 9 45 + • • • 



0.25 



J 0 



X + 



0.25 



0.25174 with error 



J o 



|E| < w 0.0000217 



pm ■ r o i / 2 4 6 


\ 


„3 „5 „7 




0.1 


„3 „5 


1 Q | 5mji H x — | 1 _Lx5 *. 4 . 

Ly - Jo x UX — Jo C 3! + 5! 7! ' * ' 


. J dx = 


X° , X° X* . 

A 3-3! 5-5! 7-7! ^ * 1 




0 


x * [_ _x 

A 3-3! ^ 5-5! 



0.0999444611, |E| < ~ 2.8 x 10 



-12 



0.1 

0 



1 f 0 ' 1 / 

exp (—x 2 ) dx = J o p- 

0.0996676643, |E| < ^ 



x 2 + 



_ _ 

2! 3! _r 4! 

4.6 x 10~ 12 



■) 



dx = 



o.i 

0 



21. (1 + X 4 ) 1/2 = (l) 1 / 2 + (lr 1 / 2 (x 4 ) + (1) _3/2 (x 4 ) 2 + ^ ( j) ( ^ (I )- 5 / 2 (x 4 ) 3 

+ (I) (- I) <T I) (- I) ( l)-7/ 2 ( X 4) 4 + ...=1 + *- * + ^ 



5x 16 

128 



1 + - - 
1 ^ 2 



16 



5x lb 

128 



+ . 



■) 



dx : 



X + 



10 



0.1 
J 0 



0.100001, |E| < « 1.39 x 10~ n 



10 



42 



0.1 

0 



22 . d*=x'( 



A I A 

4! ' 6! 



A _i A 

8i ' ToT 






dx : 



0.4863853764, |E| < « 1.9 x 10” 10 



A A 

3-4l ' 5-6T 



7-8! 



9-10! 



- 1 
- 0 



23. J o 1 cost 2 dt=/ o 1 (l-| + ^-^+...) 



dt = 



l “ TO 



r 

9-4! 



t i0 

13-6! 



1 

J 0 



error < 



13-6! 



.00011 
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24- / 0 1 cos v / tdt=/ o 1 (l-| + ^-^ + ^-...) 



dt = 



|error| < ^ « 0.000004960 



+ 



34! 4-6! 



t° 

5-8! 



25. 



F W - fo ( t2 ~ h + JT - 7T + ■■■) 

lerrorl < « 0.000013 



dt = 



7-3! 



t 11 _ 

11-5! 15-7! 



X X I X 

3 7-3! 11*5! 



26. F(x) -/ 0 (t 2 -t 4 + ^- ^y + ^--^- + ...) 



X X~_ I X X 

3 5 ' 7-2! 9-3! 



114! 



error < 



dt = 

i ~ 



f 3 t 5 t 7 *9 t ll *13 

t L -L J 1 U 4 1 L 

3 5 ' 7-2! 9-3! ~ 114! 13-5! “ •** 



13-5! 



0.00064 



dt = 



1 I f_ 

2 12 ' 30 



/o( t -T + V- 7 + -") 

(b) | error | < ^ « .00089 when F(x) + - + (~1) 15 5733 



27. (a) 


F(x) = 


t;(- 


(b) 


| error | 


< -J— 

^ 33-34 


28. (a) 


F(x) = 


t;o 


=> 


| error | 


^ (0.5) 6 
^ 6 2 


(b) 


| error | 


< -2- = 
^ 32 2 



error < 



(05)! 

30 



fo ( ! -5 + f -7 + ••■) 



dt = 



t t 2 .j 3 t 4 . t 5 

1 2-2 "T - 3-3 4-4 5-5 



.00052 



.00043 



(b) | error | < 332 ~ -00097 when F(x) «x - j + | - ^ + ... + (-1) 31 4 



-y-L4.£_£j_£ 
'A 2 2 ' 3 2 4 2 ' 5 2 



29. i(e x -(l+x)) = i((l+x+f + £ + ...) -1-x) =| + fy + | + 



= lim () (\ 



3! 1 4! 



■H 



lim 

x^0 



e x — (1 + x) 



30. 



(e x - e x ) = i ( 



1 +x+ fy + §y + fy + 






V 1 Xl _ x. I £ 
A "r* 2! 3! ' 4! 



9 1 2x 2 I 2x 4 I 2x 6 I 

-‘-'I 'i | "1 c» 1 71 T 



lim 



= lim 

x x — > 00 



( 2 



-)] =;( 2x+ t + ¥ + ¥ + ...) 



2x 2 , 2x 4 , 2x 6 j _ 2 



9 _i_ 2x 2 I 2x 4 I 2x° I 
^ ' 31 “r ”r 7i 1 



7! 



3i. £ 



(l-cost-§) = |[l-f-(l-f + £-£ + ...) 



1 + - 
4! “ 6! 



f 

8 ! 



24 



lim 

t->0 



1 — cos t 



-(f) 



t 4 



32. (-0 + f- + sin 0 ) - 55 (-0 + |- + 0- |i + fT-...) —57 — 71 

f j_ _ 0^ , 0^ _ \ _ 1 

^5! 7! 4 9! ■ • • J — 120 



+ VL _ 
-1- 9! 



= lim i _ 91 + r 

O' — > 0 



lim 

e^o 



i- e +( e i) 



33. ^ (y - tan 1 y) = ^ 






_ 1 _ r 

3 5 



lim ^4 = i im f 1 _ £ + t- - . . . ) 

y — > 0 y y->0 V 3 5 7 J 



34. 



tan y — sin y 
y 3 cos y 



y 3 y5 

y - 3 - 5 - • 



v 3 y 5 
l y 3! 5! 



y° cos y 



l im tan- y- sin y = ^ 



23y z 

5! 



‘0 



y 6 cos y 



• 0 



cos y 



£ , 23£ 
6 ' 5! 



y° cos y 



23yf_ 



cos y 



e 1/x ) - x2 ( _1 + 1 _ ? + 4 _ 4 + •■■) - + 4 



( _1 + W ~ 6? + •••) “ 



lim x 2 ( e" 1 ^ 



(e" 1 /* 2 _ j) 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




630 Chapter 10 Infinite Sequences and Series 



36. (X + 1) sin ( x+ J ) ( X +I)(x + 1 3!(x+l) 3 "h 5!(x+l) 5 •••) 1 3!(x+l) 2 5!(x+l) 4 

=* x'-Tfo ^ x + 1 ) sin (d^) =x 1 i m oo O-SisW + SisW--") =1 



In ( 1 + x 2 ) _ 



x 2 -d + *‘ 



„2 „4 

l- V + V-. 



lim + x - 1 = lim 

X — > 0 1 - cos X x 0 



38. rGT) 



(x — 2)(x + 2) 

[(x-2,-<^ + <^ 



x -|~ 2 

x 2 (x-2? 



x™2 In(x-l) 



— li m 5±2 — 4 

x™ [i-'fc? + &#-...! 



39. sin3x 2 = 3x 2 — |x 6 + §gX 10 — . . . and 1 — cos2x = 2x 2 — lx 4 + Ax 6 



3x 2 _ ? x <5 + 8U10 _ 
JA 2 A ^ 40 A 

0 2x 2 - |x 4 + ^x 6 - . 



= lim 



3-ix 4 + ix 8 -... _ 3 



0 2-^ + ^-. 



40. ln(l + x 3 ) = x 3 — y + j — A 1 + . . . and xsinx 2 = x 3 - gX 7 + p^x 11 - g^x 15 



"n X 3_I X 7 + J_ X 11 i_ x 15 , 

. y a 6 A ' 120 A 5040 A ^ ‘ 



1 _ xi + xi _ xi + 

— lim 2 ^ 3 4 ' ' ' ' _ 1 

— A1111 rv 1_lv4 I J_v8 l Y 12 — 1 

X — > U 1 6 X ' 120 A 5040 A + • • • 



41. 1 + 1 + 5!+5! + 5t+-..— e 1 — e 



42 . G ) 3 + G ) 4 + G) s +- 



1 1 _ J_4 _ J_ 

64 1 - 1/4 — 64 3 — 48 



43. 1-^ + ^-^ + ... =l-^(|) 2 + i(|) 4 -^(|) 6 + ... =cos( 



44 . \ - 5^1 + 3^3 - 434 + •• • - G) - 2 ( 5 ) +IG) ~?G) + • • • - ln(l + 2 ) - ln (i) 



3 3 3 3! ' r 3 5 5! 3 7 7! 



A + ... = f-i ! ( f ) 3 + >(|) 5 -i ! (f) 7 + ...=sin(f) = 



46- l-|3+^-^ + ---=(!)-Hl) 3 + Kl) 5 -Gl) 7 + ---=tan- 1 (I) 

47. x 3 + x 4 + x 5 + x 6 + . . . = x 3 (l + x + x 2 + x 3 + . . . ) = x 3 (ygG) = GG 



48 1 3 2 x 2 , 3 4 x 4 3 6 x 6 

48. 1 2l ' “4! sr 



+ . . . = 1 - 2 ! (3x) 2 + Jf(3x) 4 - g, (3x) 6 + . . . = cos(3x) 



49. x 3 — x 5 + x 7 — x 9 + . . . = x 3 ^1 — x 2 + (x 2 )“ — (x 2 ) 3 + . . . j = x 3 ( jG_j) = 

50 . I *_ 2 x’ + 2 £-¥ + ¥---= X 2 (i- 2 x+^-^ + ! #--.) 



51. — 1 + 2x — 3x 2 + 4x 3 — 5x 4 + . . . = ^(1 — x + x 2 — x 3 + x 4 — x 5 + . . . ) = ^ (y-L) = — — L 



52 . i + ^ + i + 4 + 4 
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53. ln(i±f) =ln(l+x)-ln(l-x)= (x — f + f-p + ...) - (-x - f f - £ - . . . ) = 2 (x + f + f + 



2 3 4 t i \n— l„n 

54. ln(l+x) = x— y + y — ^- + ... +^ r JL +-“ 
nlo" < ip => n!0 n > 10 8 when n > 8 => 7 terms 



error = 



(-i f-y 



= SToi when x = 0.1; 



__ y 3 y 5 y 7 y 9 r-n n_1 x 2n_1 

55. tan 1 X = X — y + y — y + y — . . . + T 



(-lf^x 2 ' 



= when x = 1 ; 

2n— 1 ’ 



2n— 1 ^ 10 3 



n > yp- = 500.5 => the first term not used is the 501 s ' 



2n— 1 

we must use 500 terms 



56. tan^x^x^f + P-P + P-... 



2n— 1 



. . . and lim 

n — ► oo 



x 2 »+i 2n - 1 
2n+ 1 x 2 "- 1 



= x - lim 



2n — 1 | __ x 2 



OO I 2n + 1 

tan -1 x converges for |x| < 1; when x = — 1 we have fpE which is a convergent series; when x = 1 



we have ^ Pprp which is a convergent series => the series representing tan 1 x diverges for |x| > 1 

n=l 



57. tan 1 x = x 



xy i xy xy 

3 5 7 



- ... + 



(-ly'-V 

2n — 1 



. . . and when the series representing 48 tan 1 (p) has an 



error less than | • 10 6 , then the series representing the sum 

48 tan -1 (yp + 32 tan -1 (p) — 20 tan -1 (yp) also has an error of magnitude less than 10 -6 ; thus 

(P) 2 ” -1 

|error| = 48 x < y-yy => n > 4 using a calculator =>■ 4 terms 



58. In 



(sec x) = f g tan t dt = f g (t+f + =f + ...)dt«p + p + ^ + ... 



59. (a) (1 - x 2 )“ 1/2 «l + f + ¥ + ¥ =* sin- 1 x 



lim 

n — > oo 



2 1 8 1 16 

1- 3-5- - -(2n - l)(2n + l)x 2n+3 2-4-6- ■ -(2n)(2n + 1) 

2- 4-6- ■ -(2n)(2n + 2)(2n + 3) ' 1-3-5- ■ -(2n - l)x 2n ' 1 



x + y + ^ + yp ; Using the Ratio Test: 



< 1 



x 2 lim 

n — > oo 



(2n + 1 )(2n+ 1 ) 



|x| < 1 => the radius of convergence is 1. See Exercise 69. 



(b) £ (cos 1 x) = — ( 1 — x 2 ) 1/2 



Sin X : 



( 



(2n + 2)(2n + 3) 



„i r , 3*2 i jx 

A ' 6 ~ 40 ~ ' 1 - 1 



< 1 



scA 

112 J 



X " 6 



3x2 

40 



5x2 

112 



60. (a) (1 + 1 2 ) 1/2 « (1 r 1 / 2 + (- 1) (I )- 3 / 2 (t 2 ) + ( l)( s) 2! (1)-5/2 + ( i)( I) ( 3 I) 0)- ,/2 (t 2 ) 3 

= 1 ^l + 2&-|f =► sinh_1 x ~ X^ 1 ~ f + f “ i) dt = x ~ f + ir - ra 

(b) sinfE 1 (y) 

term, |yj , evaluated at t = y since the series is alternating => |error| < 



5 ~ if? + 4 Q 960 = 0.24746908; the error is less than the absolute value of the first unused 



112 



2.725 x 10- 6 



«■ ITi 



1 



= -1 + x - x 2 



1 - (-x) 

= 1 - 2x + 3x 2 - 4x 3 + . . . 



=► s(lTi) = TTi? = £(-l+x-x 2 +x 3 -...) 



62. y^y = 1+X 2 +X 4 +X C + ... => ^(yPyi) =-^yy = £(l+X 2 +X 4 +X 6 + ...)=2x + 4x 3 +6x 5 + ... 
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63. Wallis' formula gives the approximation 7r 



4 



2-4-4-6-6-8- • -(2n — 2)-(2n) 
3-3-5-5-7-7---(2n— l)-(2n — 1) 



to produce the table 



n ~ 7r 



10 


3.221088998 


20 


3.181104886 


30 


3.167880758 


80 


3.151425420 


90 


3.150331383 


93 


3.150049112 


94 


3.149959030 


95 


3.149870848 


100 


3.149456425 



At n = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n = 30,000 we still do 
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7r is very slow. Here is a Maple CAS 
procedure to produce these approximations: 
pie := 
proc(n) 
local i,j; 

a(2) := evalf(8/9); 

for i from 3 to n do a(i) := evalf(2*(2*i— 2)*i/(2*i— l) A 2*a(i— 1)) od; 
llj,4*a(j)] $ G = n-5 .. n)] 



64. (a) f(x) = 1 + E(k) xk=>f '( x ) = E(k) kxk_1 => (l + x)-f'(x) = (l+x)E(^)kx k - 1 

k=l k=l k=l 

oo oo oo oo oo oo 

= E(”)kx k -' + X • E(”)kx k -‘ = E ( k ) k x k “ 1 + E(k)kx k = (?) (1) x° + E(?)kx k -' + E(?)kx k 

k=l k=l k=l k=l k=2 k=l 

oo oo oo oo 

= m + E (?)kx k ”> +E (?)kx k Note that: E (^kx- 1 = E { k + l )^+ l)x k - 

k=2 k=l k=2 k=l 

oo oo oo oo 

Thus,(l+x)-f'(x)=m + E (?)kx k -'+E (?)kx k = m+E( k ?i)(k+l)x k + E (?)kx k 

k=2 k=l k=l k=l 

OO -I oo 

= ™ + E = ->+E (( t +i)( k + 1) + (k) k ) xk ■ 

k=l J k=l J 

Note that: ( k ?j)(k+l) + (?)k = m ' (m ~ 1) - ( <?- (k+ 1)+ l} (k + 1) + °-(°»-i)-Hm-k+i) k 

_ m-(m— k) m-(m- l) — (m - k+ 1) ^ _ m-(m-l)--(m-k+ 1) _j_ _ m m-(m-l)--(m-k+l) _ 

OO -I OO r 1 OO 

Thus, (1 + x) • f'(x) = m + E (( k ?i)(k+l) +(?)k)x k =m+E (m(") )x k =m + mE(?)x k 

k=l J k=l J k=l 

= mf 1 + E(?)x k ) = m • f(x) =* f'(x) = ^ if -1 < x < 1. 



(b) Let g(x) = (1 + x) m f(x) => g'(x) = — m(l + x) m f(x) + (1 + x) m f'(x) 

= — m(l + x) _m_1 f(x) + (1 + x)' m • = — m(l + x)' m_1 f(x) + (1 + x)^™" 1 • m • f(x) = 0. 

OO 

(c) g'(x) = 0 =X g(x) = c =► (1 +x) _m f(x) = c => f(x) = L- m = c(l +x) m . Since f(x) = 1 + E(?)x k 

V ’ k=l 

oo 

=> f(0) = 1 + E(”)(°) = 1 + 0= 1 =*c(l +0) m = 1 => c= 1 ^f(x) = (1 +x) m . 



65. (1-x 2 ) 1/2 = (1 + (-x 2 )) 1/2 = (l) -1 / 2 + (— \) (I) - 3 / 2 (— x : 
(-8 (~l) (-l)<tr 7/2 (-x 2 ) 3 



M) (-i),i r ^(-C) 2 

2 ! 



+ 



= 1 + - 
i -r 2 



l-3x' , l-3-5x 6 , i i X ' 

2 2 - 2 ! ^ 2 3 - 3 ! ~ 1 Z-j 



1-3-5- - (2n-l)x 21 
2”-n! 
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=> sin 1 x = 






- 1/2 



dt = 



1 + E 



1-3-5- ■ -(2n — l)x 21 
2“-n! 



Ht — x + V 1 ' 3 ' 5 "- (2n - 1)x2n+1 

Ul — A ~ 2-4- • -(2n)(2n + 1 ) 



where Ixl <1 



J »oo p ex 

x T TW = f x 



It L 

+(?) 



J »cso 

X ? (! - ? + ? ~ ? + •••) dt 



~ f x it ? + P _ F + ■■•) dt “ b 1 ™,, [ _ t + 3F^5F + ^ _ ---]!-x _ 3? + 5^ _ 77 + --- 

=* tan ~ lx = f-^ + 3?-5? + ---’ x>1: [ta^C* = tan- 1 x + | = /‘ x ^ 

- lin, [_ I + JL — ixi 

— . 11111 I t r J t 3 5t= ' ** 



b — » —oo 

X < -1 



X ~ 3i? 5x 5 ~ 7x 7 



tan 1 x = - | - i + 3 ’s>- ^ + - 



67. (a) e 17r = cos (— 7t) + i sin (— 7r) = — 1 + i(0) = — 1 

(b) e i7r / 4 = cos (|) + i sin (f) = ^ ^ = (^) (1 + i) 

(c) e~ 17r / 2 = cos (- |) + i sin (— |) = 0 + i( — 1) = — i 



68. e lS = cos 9 + i sin 9 => e ' e = e 1( = cos (—9) + i sin (— 9 ) = cos 9 — i sin 0; 



= cos 9 + i sin 9 + cos 9 — i sin 9 = 2 cos 9 = 
= cos 9 + i sin 9 — (cos 9 — i sin 9) = 2i sin 9 



n e ‘“ + e ~" 
cos 9 = T, 

sin 9 = 



! y 3 y 4 

' 3! | 4! ' • • 

✓_im 2 r_im 3 



e 

q-v 4 



>i0 . 



: 1+X+^ 

(~jg) 3 , (~ig) 4 , 
3! " r 4! “T" 



69. e : 

e” ie = 1 ^ iO + ^ 

ei» +e #:_ ( 1 + i0 + j f + e # + ^ t + -) + ( 1 
=> 9 2 

s 9\ 



l+i0+<f + <f + <f + ... and 

- 1 iff i M 2 (ig ) 3 i (ifl > 4 

1 1,7 "r" 2! 3! ' 4! 



i iu t 2 ! 3 ! ^ 4 ! 



' 3 



- 1 _ £ + * 
2! ' 4! 



6 ! 



+ .. 



: COS ( 



2i 

. a _ <P_ 
V 3 ! 



(i+ie + ^f + w 



^ + ^ + ...)-(i-ie + <f 



(is) 2 (ig) 3 , (ifl) 4 

IT T 4! 



IP _ , 

5! 7! " I " ‘ ” 



2i 



: sin 9 



70. e lfl = cos 9 + i sin 9 



s 16 = e 1 ^ = cos (—9) + i sin (—0) = cos 0 — i sin 9 



(a) e lfl + e ' e — (cos 9 + i sin 9) + (cos 9 — i sin 9) = 2 cos 9 => cos 9 = e ‘ + e ‘ = cosh i 9 



(b) e 






= (cos 0 + i sin 9) — (cos 9 — i sin 9) — 2i sin 9 



i sin 9 — - — 2 ^- 



= sinh i 9 



71. e x sin x — ^1 4- x + |y + |y + |j + . . . j ^x — fy + ft ft + • • • ) 



- (l)x + (l)x 2 + (- l + l) x 3 + (- \ + g) x 4 + (jig - ^ + T) x 5 + ... - x + x 2 + |x 3 - lx s + ... ; 
e x • e lx = e : 1 1 " x = e x (cos x + i sin x) = e x cos x + i (e x sin x) => e x sin x is the series of the imaginary part 

of e (1+i ) x which we calculate next; e ( 1+i > x = £ ™ = 1 + ( x + ix ) + < T ! + + • • • 

n=0 

= l+ x + ix+i (2ix 2 ) + T (2ix 3 — 2x 3 ) + T (— ■ 4x 4 ) + i (— ■ 4x 5 — 4ix 5 ) + T (— 8ix 6 ) + . . . => the imaginary part 
of e (1+1 ^ x is x + ^ x 2 + |f x 3 — jj x 5 — |f x 6 + . . . = x + x 2 + | x 3 — ^ x 5 — ^ x 6 + . . . in agreement with our 
product calculation. The series for e x sin x converges for all values of x. 



72. ^ (e (a+lb) ) = ^ [e ax (cos bx + i sin bx)] = ae ax (cos bx + i sin bx) + e ax (— b sin bx + bi cos bx) 
= ae ax (cos bx + i sin bx) + bie^cos bx + i sin bx) = ae( a+lb ^ x + jb e (a+lb ) x = (a + ib)e^ a+lb ^ x 
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73. (a) e l9l e l£l2 = (cos 9\ + i sin 0i)(cos 0 2 + i sin 62 ) — (cos 0icos 62 — sin 0isin 62 ) + i(sin 0icos 62 + sin 0 2 cos 9\) 

— cos(0i + 62 ) + i sin(0i + 0 2 ) = e‘^ 1+e 4 

(b) e -lS = cos (—0) + i sin(— 9) = cos 6 — i sin 9 = (cos 9 — i sin 9) ( cos f + i s ? n ^ ) = — * . = \ 

74. ^ e ( a+bi ) x + Cl + iC 2 = (£$) e ax (cos bx + i sin bx) + Ci + iC 2 
= (a cos bx + ia sin bx — ib cos bx + b sin bx) + Ci + iC 2 

= a2 e " b2 [(a cos bx + b sin bx) + (a sin bx — b cos bx)i] + Ci + iC 2 

_ e“(a cos bx + b sin bx) , ^ , ie“(a sin bx — b cos bx) , • . 

- FTP + Cl H h 1C2, 

e (a+bi)x _ e ax e ibx _ e ax( cos _|_ j s j n b x ) = e ax cos bx + ie ax sin bx, so that given 
f e ( a+bi b dx =n e ( a + bi )x + Ci + iC 2 we conclude that Je ax cos bx dx = c°sj>* + b + C-, 

and f e ax sin bx dx = gm(a sin a bx + ~ b cos bx) + C 2 

CHAPTER 10 PRACTICE EXERCISES 

1. converges to 1, since n jim^ a n = n Mrn^ ^1 + = ^ 

2. converges to 0, since 0 < a n < , n lirn^ 0 = 0, n lim^ = 0 using the Sandwich Theorem for Sequences 

3. converges to —1, since lim a n = lim ( 1 1. 2 " ) = lim (b — l) = — 1 

4. converges to 1, since n Irm^ a n = n Hrn^ [1 + (0.9)”] = 1 + 0 = 1 

5. diverges, since {sin = {0, 1,0, —1,0, 1, ... } 

6. converges to 0, since { sin n7r } = {0,0,0,... } 



7. converges to 0, since lim a n = lim = 2 lim V = 0 

8. converges to 0, since lim a n = lim ln(2n+1) = lim ^ 2n . + 1 ^ = 0 

1 + (n) 

9. converges to 1, since lim a n = lim ( 11 + ln n ) = lim — ) — = 1 

0 n ^ oo n — > oo ' n / n ^ oo i 

3 ( ^ 

10. converges to 0, since lim a n = lim ln(2n +1) = lim , + l2 = lim l 2 ” = lim 2 = 0 

11. converges to e -5 , since lim a n = lim = lim + = e -5 by Theorem 5 

12. converges to - , since lim a n = lim ( 1 + -) n = lim . 1 1Nn = - by Theorem 5 

13. converges to 3, since lim a n = lim (— n = lim -L; = t = 3 by Theorem 5 

& n ^ oo n — » oo ' n / n — > oo nV n 1 J 

( o \ 1 /n . ol/n i 

- ) = lim Ayr = I = 1 by Theorem 5 

n / n — > oo n 1 /” 1 J 
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15. converges to In 2, since lim a n = lim n(2 1/n — 1) = lim 2 ’,° , 1 = lim 
° n — >00 n — > oo v ' n^oo I n— >o 



00 3 



= lim 2 1 ' ,n ln 2 

n — > oo 



= 2 ° • In 2 = In 2 



16. converges to 1 , since lim a n = lim \/2n+ 1 — lim exp ( lnl - n+ 11 ) — lim exp 

° n — > oo n — > oo v n ^ oo r \ n j n — > oo r 



2 l y 1 ) = e° =1 



17. diverges, since lim a n = lim 



lim a n = lim , ' = lim (n + 1 ) = oo 

n — > oo n ^ oo n! n ^ oo 



1— 4 r 

18. converges to 0, since lim a n = lim ' — — 0 hy Theorem 5 

° n — > oo n — > oo n! J 



19 1 

Ly ' (2n — 3)(2n — 1 ) 



=> lim s n = lim | 

n — > oo n — > oo o in — l 



i a 



2n - 3 2n - 1 



20 - nfn+TT - 7f + ^TT S " “ (“T + I) + (t + 1) + ••• + (tT + rT+l) - _ I + iiTT n 1 i?oo Sn 
= n 1 l m oo H + STt) =-' 



21 9 3 _ _ s -(i _ 3 \ , (3 _ 3 \ , (3 _ 3_\ , , (_3 3 _\ 

(3n— l)(3n + 2) 3n— 1 3n + 2 ^ — V 2 5/^V5 8/^V8 11/ • * • ‘ ' \3n — 1 3n + 2/ 



(3n— l)(3n + 2) 3n— 1 3n + 2 ° n — V 2 5/ 1 V5 

— - — — - — =^> lim s — lim (— — — - — ^ = - 

2 3n+2 ^ n-Hoo n n-Hoo V2 3n + 2J 2 



22 ^ = -=?_ + => s = (=1 + + (=Z + + (=Z + + + 

(4n — 3)(4n + 1) 4n-3 ^ 4n+l ^ V 9 ^ 13 J ^ \ 13 ^ 17 ) ^ V 17 ^ 21 ) ^ ^ V4n-3 ^ 4n+ 1/ 

— — - — - — ==> lim s — lim ( — - ^ = — - 

9 ^ 4n+l ^ n -H oo n n “oo V 9 ^ 4n+l2 9 



23. 53 e n = 53 , a convergent geometric series with r = ^ and a = 1 => the sum is — , . = { ^ry 

n=0 n=0 6 1 - I ^ 1 E 



24. 53 (~ 1)” ^ = 53 ( — |) (x)” a convergent geometric series with r = 

n=l n=0 

(-1) _ _3 

H?) “ 5 



— i and a = -j- => the sum is 



25. diverges, a p-series with p = | 

oo oo 

26. 53 ~ = —5 53 it’ diverges since it is a nonzero multiple of the divergent harmonic series 

n=l n=l 

27. Since f(x) = jp- =>■ f'(x) = — < 0 =>■ f(x) is decreasing => a n+ i < a n , and ^ lim^^ a n = n Mm^ -5 — 0, the 

OO n 00 

series 53 ' ,3 converges by the Alternating Series Test. Since 53 / diverges, the given series converges conditionally. 



28. converges absolutely by the Direct Comparison Test since ^53 < p for n > 1, which is the nth term of a convergent 
p-series 
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29. The given series does not converge absolutely by the Direct Comparison Test since ^ 7n+T) > ^j-j- , which is 
the nth term of a divergent series. Since f(x) = t) =>■ f'(x) = — (ln(x + 1 1 ) y (x+ ^ < 0 => f(x) is decreasing 
=> a n+ i < a n , and ^ Mrn^ a n = ^ I i ni x ln 1 > = 0, the given series converges conditionally by the Alternating 
Series Test. 



J »oo nb 

.-, 1 x 2 dx = lim 
2 x(ln x) 2 h — > rvt J 2 



I — 7j y7 UA 11111 I —7j TT UA 11111 

>2 x(ln x) 2 b^oo J 2 x(ln x) 2 b -» oo 

converges absolutely by the Integral Test 



dx = J in L H ln x > 1 ]\ = ~ b 1 ! 11 ^ (hTb - o) = Wi =* the : 



3 1 . converges absolutely by the Direct Comparison Test since ^ = 4? , the nth term of a convergent p-series 

32. diverges by the Direct Comparison Test for e n ° > n => ln (e n °) > ln n => n" > ln n =>■ ln n 11 > ln (ln n) 

=> n ln n > ln (ln n) => |n 1 ( " r V > 1 , the nth term of the divergent harmonic series 



33. n lim o v°vn 2 + C _ / ^ _ei_ _ yy = j =>. converges absolutely by the Limit Comparison Test 



34. Since f(x) = ++ =>• f'(x) = — + < 0 when x > 2 => a n+ i < a n for n > 2 and lim h+t = 0, the 

series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit 

(ir 2 -) 

Comparison Test, n lirn^ ^ 1 = n lim o rj |^y = 3. Therefore the convergence is conditional. 



35. converges absolutely by the Ratio Test since n lim^ 



n+2 n! 



(n+1)! n+1 



= lim , i> = 0 < 1 
n — ► oo (n+1) 2 



36. diverges since lim a n = lim ( + ,^ n + 1' 1 does not exist 

° n — » oo n-^oo 2n^ + n - 1 



37. converges absolutely by the Ratio Test since n lim^ 



3 11+1 n! 



(n + 1)! 3- 



= lim -5-r = 0 < 1 
n — ► oo n+l 



38. converges absolutely by the Root Test since n lin^ \/ a n — ^in^ y = n ^Poc n = 0 < 1 



39. converges absolutely by the Limit Comparison Test since n Um^ 



40. converges absolutely by the Limit Comparison Test since lirn 



f i i 

u 3 / 2 ; 



< v/ n (n + l)(n + 2) 

(*) 



= ,/ lim n(n + 1 f + 2) = 1 

' 7 n — > oo n 3 



n — > oo ( i ' 

nv n 2 — 1 ) 



= J lim = 1 



n — > oo n 



41. lim 

n — > oo 



U n +1 



< l => lim 

n — > oo 



(x + 4) n+1 n3" 



(n+1 )3 n fl (x + 4) n 



< 1 => l x + 41 lim (-L) < 1 =► |x t 41 < 1 

n— »oo'n+l/ 3 



|x + 4| 



=> |x + 4|<3 =$■ — 3 < x + 4 < 3 => —7 < x < — 1; at x = —7 we have Y ( Jjn 3 = Y » the alternating 



n=l 



oo oo 

3 n 1 



harmonic series, which converges conditionally; at x = — 1 we havej] the divergent harmonic series 



n=l n=l 



(a) the radius is 3; the interval of convergence is —7 < x < — 1 

(b) the interval of absolute convergence is —7 < x < 1 

(c) the series converges conditionally at x = — 7 
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42. lim <1 => lim !? P'" • /"I/ <1 => (x - l) 2 lim J = 0 < 1, which holds for all x 

n — > oo u„ n — > 00 (2n+l)! (x-1) 2 "- 2 2 n oo (2n)(2n+l) ’ 



(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



43. lim < 1 lim _ 



n — > oo u n 



n — > oo (n+1) 2 (3x — l) 1 



< 1 => |3x — 1| n lim o <1 => 1 3x 1 1 < 1 



=> — l<3x— 1<1 =4> 0<3x<2 =>• 0<x<|;atx = 0we have ~ — — 

n=l n=l 

00 

= — / . a nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = | we 



have 



(-p-Jiy _ w-P 1 



= — , which converges absolutely 



(a) the radius is ^ ; the interval of convergence is 0 < x < | 

(b) the interval of absolute convergence is 0 < x < | 

(c) there are no values for which the series converges conditionally 

44. _lim. M < t =► Jim. - ^Vj . 2 ^±i . _ 2 ^_| < x ^ ++P ^ \«±2_ . 2a±i| < t 



n — > oo u n 



2n + 3 2 n+1 n+1 (2x+l)' 



=> + P (1)<1 => |2x+l|<2 =t> — 2 < 2x + 1 < 2 => — 3 < 2x < 1 => — |<x<|;atx= — |we have 

CO CO 

S 2 n+\ * = X) ( ~ 2 n + t ^ which diverges by the nth-Term Test for Divergence since 

n=l n=l 

CO oo 

lim (g+y) = \ ^ 0; at x = 1 we have ’ p = S++I > which diverges by the nth-Term Test 

n=l n=l 

(a) the radius is 1 ; the interval of convergence is — I < x < I 

(b) the interval of absolute convergence is — I < x < 5 

(c) there are no values for which the series converges conditionally 

45. lim <1 => lim 511+1 • / < 1 => Ixl lim I ( JJ) n (/+ I < 1 => — lim (— L) < ] 

n ^ oo Un n-^oo (n+l) nl x n 1 n->oo l'n+1/ Vn + lt en^oo'-n+l/ 

=> — • 0 < 1 , which holds for all x 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 



46. lim — < 1 => lim ? • / 

n — * oo U„ n — > oo Jn + 1 * 



— L . v/ < 1 => Ixl lint ./ — J < 1 => Ixl < 1; when x = — 1 we have 
n+1 x n 1 n — > cx) V n+1 11 



OO n OO 

> which converges by the Alternating Series Test; when x = 1 we have , a divergent p-series 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = — 1 



47. lim < 1 => lim 

n — » oo u„ n — » oo 



(n + 2)x 2n+1 3 n 

3 n+l ’ (n+l)x : 



=T < 1 =► T n^Poo (i+l) < 1 =* “V^ < X < y/3-. 



LXJ LAJ 

the series ^ — s/7 and 2/3 , obtained with x = ± \J 3, both diverge 

(a) the radius is y/3; the interval of convergence is —a/ 3 < x < \/3 

(b) the interval of absolute convergence is — \Z.3 < x < v/3 

(c) there are no values for which the series converges conditionally 
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48. lim 

n — > oo 



U n +1 


<r^ 1 — 2 > lim 


(x- l)x 2n+3 


2n + 1 


U n 


\ 1 — r 11111 

n — > 00 


2n + 3 


(x- l) 2n+1 



(x — l) 2 < 1 



< 1 =*► (X - l) 2 n Hn^ (|±1) < 1 =► (x - 1) 2 (1) < 1 

~ (-D n (-i ) 2n+1 



1 1 < 1 => -1 < x - 1 < 1 => 0 < x < 2; at x = 0 we have J2 

11=1 



2n+ 1 



4— > / i \3n+l / i \n-l 

= ■>„ + 1 = 2^ 2 n + 1 which converges conditionally by the Alternating Series Test and the fact 

n=l n=l 

1 • v-' (— l') n (l) 2n+1 (— l) n 

that 2^ diverges; at x = 2 we have 2^ - — 2n+| — = 2_^ ^ , which also converges conditionally 

n=l n=l n= 1 

(a) the radius is 1 ; the interval of convergence is 0 < x < 2 

(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 and x = 2 



49. 



lim 

1 — > (X) 





1 


/ 2 > 


i 


U n +1 


< 1 => lim 

n — > 00 


csch (n+ l)x n+1 


<1 => Ixl lim 

1 1 n — >00 


^ e n + * — e n ^ ) 


1 Un 


csch (n)x n 


( e n_ e -n) 



< 1 



Ixl lim 

1 1 n — > oo 



<1 =>— <1=>— e<x<e; the series ]C( ± e) n csch n, obtained with x = ± e. 



both diverge since n ljm^ ( ± e) n csch n^O 

(a) the radius is e; the interval of convergence is — e < x < e 

(b) the interval of absolute convergence is — e < x < e 

(c) there are no values for which the series converges conditionally 



50. 



lim 


u n +i 


< 1 => lim 


x n+1 coth(n+ 1) 


< 1 => Ixl lim 


n — ► 00 


U n 


n — > 00 


x n coth (n) 


1 n — » 00 



OO 

=> — 1 < x < 1; the series ^ ( ± l) n coth n, obtained with x = 

n=l 






1 — e 
1 + e - 



< l 



Ixl < 1 



± 1 , both diverge since 



lim ( ± l) n coth n + 0 

1 — > OO V ' ' 



(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 



51. The given series has the form 1 — x + x 2 — x 3 + . . . + (— x) n + . . . = , where x = y ; the sum is y^iy — f 



52. The given series has the form x — y + y — ...+(— l) n 1 ^ + . . . = In (1 + x), where x = | ; the sum is 
In (f) w 0.510825624 

53. The given series has the form x — ^ ^ — . . . + (— l) n + . . . = sin x, where x = 7r; the sum is sin ir = 0 

54. The given series has the form 1 — ^ — . . . + (— l) n + . . . = cos x, where x = |; the sum is cos | = y 



55. The given series has the form l+x+l£ + ^ + ... + ^ + . . . =e x , where x = In 2; the sum is e ln ( 2 ) = 2 

56. The given series has the form x — y + y — . . . + (— l) n ( x n 2 °_ ( + . . . = tan -1 x, where x = ; the sum is 

tan_1 (73) = 1 

57. Consider { _7 X as the sum of a convergent geometric series with a — 1 and r = 2x => t 

OO OO 

= 1 + (2x) + (2x) 2 + (2x) 3 + . . . (2x) n = 7] 2 n x n where |2x| <1 => |x| < § 

n=0 n=0 
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58. Consider | , as the sum of a convergent geometric series with a = 1 and r — -x 3 =y | 1 t _ / x 3 

O 9 _ q OO 

= 1 + (—x 3 ) + (— x 3 )“ + (— . x 3 J + ... = ( — l) n x 3n where | — x 3 1 <1 =$■ |x 3 | < 1 => |xj < 1 

n=0 



„ ( 1 \n v 2 n+l 

59. sinx=E WlF 

n=0 



sin -TTY _ V ^ (— l) n 7T 2n+1 X 2n+1 

sni7TX 2^ (2n + l)! 2^ (2n + l)! 

n=0 n=0 



60. sin x = 



(— 1)" ( y ) 



(2n+l)! 



S ' n 3 E (2n + 1)! 



(— l) n 2 2n+1 x 2n+1 

2 ^ 3 2n + 1 (2n+l)! 

n=0 



61. cos* = £ tgf =6 cost*’/*) = £ = E 



62. cos x = 



( — l) n x 2n 
(2n)! 



COS 



/ 3 \ 2 n 

fj2_) _ v ( - 1)n (75) _ v (-D n x 6n 

\^J to (2n)! „=0 5 ” <2n)! 



oo oo / 'jyx \ n oo 

63. e* = £ £ =* ^ /2) = E ^ = E ^ 



n=0 



2 n n! 



64. e x = £ g => e 



-x 2 _ V (-* 2 )° - V (-1)": 

2-^ n \ n ! 
n=0 n=0 



65. f(x) = a/3 + x 2 = (3 + x 2 ) 1/2 => f'(x) = x (3 + x 2 )“ 1/2 f"(x) = -x 2 (3 + x 2 ) _3/2 + (3 + x 2 )” 1/2 

=> f'"(x) = 3x 3 (3 + x 2 ) _5/2 - 3x (3 + x 2 )“ 3/2 ; f(-l) = 2, f'(-l) = - 1 , f"(— 1) = — | + | = | , 

=-£+§=£ =► \/3 + x 2 = 2 - ^ + E# + 



2 5 -3! 



66. f(x) = = (1 - x)- 1 => f'(x) = (1 - x)- 2 => f"(x) = 2(1 - x)- 3 f"'(x) = 6(1 - x)' 4 ; f(2) = -1 

f"(2) = -2, f'"(2) = 6 => yL = _i + ( X _ 2) - (x - 2) 2 + (x - 2) 3 - . . . 

67. f(x) = Ei = (x + l)" 1 =4> f'(x) = -(x + IT 2 =► f"(x) = 2(x + I)” 3 =4> f'"(x) = -6(x + l)” 4 ; f(3) = 
f'(3) = E f"(3) = | , f'"(2) = E =► Ei = ? - b (x - + h < x - 3 ) 2 - h ^ - 3 ) 3 + ••• 



68. f(x) = 4 = x 1 => f'(x) = — x 2 =>■ f"(x) = 2x 3 => f'"(x) = — 6x 4 ; f(a) = 1 , f'(a) = — ^ , f"(a) = 
f"'(a) = =r => l = l - j? (x - a) + If (x - a) 2 - ^ (x - a) 3 + . . . 



69 



. / o ‘ /2 exp (-x 3 ) dx = £ /2 (l-x 3 + |- |“ + E + ...) 



1 + 1 



2 2 4 -4 ^ 2 7 -7-2! 2 10 -10-3! ^ 2 13 -13-4! 2 16 -16-5! 



dx = 

0.484917143 



Y — _E * X™ 

A 4 ‘ 7-2! 10-3! 13-4! 



1/2 

0 



70. f g x sin (x 3 ) dx = f g x (x 3 - £ + £ - E + rrr + 











5 


11-3! 17-5! 


23-7! + 29-9! 





5! 7! 1 9! 

1 « 0.185330149 

o 



\ i f 1 / a Y 10 y 16 y 22 y 28 

••■) dX = J 0 {* 4 - V + V- TT + W 



-■) 



dx 



7L X 



1/2 dx = r ‘ /2 



/ ' l ' 2 f 1 Y 2 Y 4 Y 6 Y 8 Y 10 \ 

, ( 1 -y + 7-T + T-TT + ---J 



dx = 



y 3 y 5 y 7 y 9 y 11 

Y A | A A | A A 

_ “9 25 49 ^ 8l l2l ' 



1 1/2 



1 



1 



1 L_ _i 1 1 1 1 1 1 1 

2 9-2 3 ' 5 2 -2 5 7 2 -2 7 “ r 9 2 -2 9 ll 2 -2 n ^ 13 2 -2 13 15 2 -2 15 “ r 17 2 -2 17 19 2 -2 19 ^ 21 2 -2 21 



1 + 1 



j 0 

0.4872223583 



,f'(2)= 1, 



1 

4 > 



2 
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T 1 / 64 fl/64 / 

72. dx = 4- (x-* 

Jo i/x Jo vx\ 4 



Y _ 4 . * 4 . 

27 l x 3 ' 5 7 ^ 



_ '2 3/2 _ y 7/2 , 1_ y 11/2 

— 1.3 X 21 X + 55 X 



2 „15/2 , 

105 X + ' J 0 



. . ) d X=f o ' (x 1 / 2 - 1 X 5 / 2 + i X 9 / 2 - i X 13 / 2 + . . . ) 

1/64 / 2 2,2 2 I 1 

— V 3-8 3 21-8 7 + 55-8 11 105-8 15 ' ' ' ) 



dx 

0.0013020379 



73. lim 



7 sin x 



o 



= lim 



7 C x -fr + fr- 

2 2 x 2 i 2 3 x 3 i 
' v ' • 



( 2x +tt 



= lim 



7 1- 



-) 



2 2 x , 2 3 x 2 



74. lim 

6 —> 0 



28 

6 — sin 6 



— lim 

8^0 



(l+0 + |y + |y + .. .j 


1- 1 






| -20 


(9- | 




0 3 05 \ 

3! " r 5! ■■■) 


i 



— lim 

8 



2 Jl 






0 I jt _ lr + ■ - • ) 



= 2 



= lim 

0^0 



(£ + £ + ■ 
_b£ , 

SI ' • • 



t 2 — 2 + 2 (1 — — + — — . 

75. lim + — 4 — - — A) = lim + 2 + 2 cos . 1 = lim — 7 — 3 — i — 

t ^ 0 ' 2 - 2 cos t t-9 i * () 242 0 cost) t ^ 0 2t 2 (l - 1 + f - £ + . 



2 (?T-5I + ---) 1 

7 =n 



= lim 
t-»0 t 4 



I t 4 

2 ( 4! - 6! ' 



2t/ 

4! 



76. 



lim 

h->0 



7 sin_h\ 

k ' 



- cos h 



h 2 



= lim 

h->0 



1-52 + 52- 

1 31 ' SI 



= lim 
h -> 0 



n n_ n_ n_ _j_ n_ n_ i 

2! 3! ' 5! 4! ' 6! 7! ‘ * ‘ 



Hi- 

ss 



lim 

h^O 



- + — _ 
4.1 



(* 



3! 



lr 

5! 



lr I lr 
4! “S" 6! 



+ 



-) 



77. lim 



4 - cos z — = lim 
q In f 1 — z) + sinz z q 






I + ( z ~ It + It ' 



= lim 






0 I — *lL — _ ?i 

1 2 3 4 



= lim 

z — > 0 



2z 

3 



= -2 



78. lim — r — 

y > Q cos y — cosh y 



= lim 

y^O 



= lim 

y^O 



1 _ r , r _ r + 

1 2 T 4! 6! T ■ 






= -1 



_n + yl + yi + y 6 + 

I 1 7 9M 4! ' HI 7 • 



= lim 

y^O 



2y4 

2 



2y° 

6 ! 



79. lim + £ + s) = lim 

x— >0 VX x 7 x — > 0 



( 3x - 



=> 4 + 4=0 and s — ^ = 0 => r = — 3 and s = 0 

x 41 x z 2 2 



+ jr +S 
9 



lim ( 3- - 9 + ^ + 

llm () V* 2 2 7 40 4 



+ 



j? + S ) 



= 0 



80. The approximation sin x ~ is better than sin x « x. 







6x 

6+x^ 
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81. lim 

n — > oo 



2-5-8- • (3n - l)(3n + 2)x n+1 2-4-6 - (2n) 



2-4-6---(2n)(2n + 2) 



2-5-8- - -(3n- l)x n 



< 1 => 



I x I lim 

1 n — ► oo 2n + 2 



< 1 => Ixl < 



the radius of convergence is | 



82. lim 



3-5-7- ■ -(2n+l)(2n+3)(x— l) n+1 4-9-14- --(5n- 1) 



4-9- 14- ■ -(5n- l)(5n+4) 3-5-7- ■ -(2n+ l)x- 

the radius of convergence is f 



< 1 => 



lim 



I 2n + 3 | 



oo I 5n + 4 



< i => 



M<§ 



83. E ln(l-^)=E [In (1 + 1) +^(1-1)] = E [In (k + 1) - In k + In (k - 1) - In k] 

k=2 k=2 k=2 

= [In 3 - In 2 + In 1 - In 2] + [In 4 - In 3 + In 2 - In 3] + [In 5 - In 4 + In 3 - In 4] + [In 6 - In 5 + In 4 - In 5] 
+ . . . + [In (n + 1) — In n + In (n — 1) — In n] = [In 1 — In 2] + [In (n + 1) — In n] after cancellation 

n oo 

=* E ln (! - i?) = ln (^r) =* E ln (1 - i?) = n 1 ln (^) = ln l is the sum 



84. E i ^T-=iE(^ T -kir) = H(!-D+a-D+(^D+a-D+-+(^-D 

k=2 k=2 

+ m Ml = ia + i_i_ _m = I a - 1 _ -J-) = i 

' Vn-l n+l/J 2 V 1 ' 2 n n+1/ 2V2 n n+1/ 2 

oo 

+> E r+r = lim 9(5 — * +r) = I 

1 k — 1 n — » 00 2 V 2 n n+1/ 4 



3n(n + 1) — 2(n + 1) — 2n 
2n(n+ 1) 



3n 2 - n - 2 
4n(n+ 1) 



85. (a) lim 

n — > 00 



1-4-7- ■■ (3n-2)(3n+l)x 3n+3 



(3n)! 



(3n + 3)! 



1-4-7- ■ -(3n — 2)x 3n 



< 1 =$> | x 3 1 lim 



(3n + 1) 



n 77+00 (3n + l)(3n + 2)(3n + 3) 



= | x 3 1 - 0 < 1 =>- the radius of convergence is oo 



(b) y = 1 + E 



l-4-7---(3n-2) 3n 



dy _ v-v 1 -4-7- - -(3n — 2) 3n-l 



(3n)! 



x 3 " => £ = E 



dx (3n — 1)! 

n=l 



, oo 

^ dfy l~4-7- ■ -(3n — 2) 3 n -2 __ „ , 

^ dx 2 2^ (3n — 2)! A A (3n— 3) 



1-4-7- ■■ (3n-5) x 3„-2 



= x ( 1 + E 1 ' 4 ' 7 ( 3 n) 3 t n 2> x 3 “ ) = xy + 0 => a = 1 and b = 0 



86. (a) = T _+ x) = x 2 + x 2 ( x) + x 2 (-x) 2 + x 2 (-x) 3 + 

converges absolutely for |x| < 1 

OO OO 

(b) x=l => E (— l) n x n = E ( — 1 ) n which diverges 

n=2 n=2 



= X 2 — X 3 + x < 



— x 5 + . . . = E (— l) n x n which 



87. Yes, the seriesE a nb n converges as we now show. Since E a n converges it follows that a„ — » 0 =+ a n < 1 



for n > some index N +> a n b n < b n for n > N => E a nb n converges by the Direct Comparison Test with E b n 

n= 1 n=l 



oo 

88. No, the series E a nb n might diverge (as it would if a n and b n both equaled n) or it might converge (as it would if 

n= 1 

a n and b n both equaled 1). 

OO OO 

89. E ( X n +1 - X„) = lim E(xk+1 - x k ) = lim (x n+ i - xi) = lim (x n+ i) - x x +> both the series and 

II ' OO . II ' CXJ II ' LXJ 

n=l k=l 

sequence must either converge or diverge. 
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f a n ^ 
^ 1 + a n ) 



90. It converges by the Limit Comparison Test since n lkn^ a - n 1+a 
and so a n — > 0. 



= IJrn^ = 1 because a n converges 

n=l 



91 - E T - a l + f + y + T + ^ a l + (s) a 2 + (5 + i) a4 + (5 + g + 7 + I) a 8 

n=l 

+ ( 5 + JQ + XT + • • • + ^) a i6 + • • • > i (a 2 + a 4 + a 8 + a i6 + . . . ) which is a divergent series 

92 - a n = ETii forn > 2 => a 2 > a 3 > a 4 > ... , and ^ ^ + jdg + ... = ^ + 2^2 + 31 b + 

OO 

= YP>(l + i + Y + ...) which diverges so that 1 + jirs diverges by the Integral Test. 

n=2 

CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES 



1. converges since 



( 3 n — 2)< 2n+1 >/2 ' ( 3 n — 2) 3 / 2 



< (3n _ x 2 . 3 / 2 and ( 3 n l 2 fi- converges by the Limit Comparison Test: 



lim 

n — * <x) 



(iLL) = l im (3n^2)3/2 = 3/2 
( 1 \ n — » 00 ' n / 

\(3n-2) 3 / 2 / 



r°° 2 r\ 

2. converges by the Integral Test: J (tan -1 x) 

_ (n 3 _ n 3 ^) 

^ 24 192 J 



lim 


' (tan - 1 x) 3 ' 


b r 

= lim 


b — >00 


3 


1 b — t 00 



(tan 1 b) _ j?_ 
3 192 



lir 

192 



3. diverges by the nth-Term Test since lim a n = lim (— l) n tanh n = lim (— l) n ( ! - e J° | = lim ( — 1 ) n 

°- 7 n— >00 n n — > oo v J b^oo \ 1 + e / n ^°° 

does not exist 



4. converges by the Direct Comparison Test: n! < n” => ln(n!) < n ln(n) => 

=> log n (n!) < n =>• los " 3 (n!) < , which is the nth-term of a convergent p-series 



< n 



5. converges by the Direct Comparison Test: ai = 1 = (lx3 ) (2)2 , a 2 = = (2)( 4) (3) 2 , a 3 = (|f) (yf) 

OO 

= (SxW ’ a 4 = (ii|) ( 53 ) (t!) = (ixilF’--- =► 1 + S (n + i Kn + 2 3 xn + 2 )-' ^presents the 

n=l 

given series and (n + 1)( - n | 2 3 ) ( - n + -i ) 2 < y , which is the nth-term of a convergent p-series 

= 0 < 1 



6. converges by the Ratio Test: n lim^ = n lim 



OO (n-l)(n+l) 



7. diverges by the nth-Term Test since if a n — ► L as n — *■ 00, then L = ( 1 ( =i> L 2 + L — 1=0 L = 



-l±y /5 

2 



8 . Split the given series into ^ 32 J + , and 2 " n ; the first subseries is a convergent geometric series and the 

n=l n=l 



second converges by the Root Test: n lim o d ^ = n Htri^ = Li = 1 < \ 



9. f(x) = cos x with a = § => f (f) = 0.5, f' (f) = - ^ , f" (f) = -0.5, f" (f) = , f< 4 > (f) = 0.5; 

CO sx= 1 - & ( x _ |) _ I (x- f) 2 + #(x- f) 3 + ... 
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10. f(x) = sin x with a = 2?r => f(2?r) = 0, f'(27r) = 1, f"(27r) = 0, f , "(2 7 r) = -1, f (4) (27r) = 0, f (5) (27r) = 1, 
f< 6 >(27r) = 0, f (7 >(27T) = -1; sin x = (x - 27 r) - - ^4 + . . . 



11. e x = l+ x+ fy + fy + ... with a = 0 



12. f(x) = In x with a = 1 => f(l) = 0. f'(l) = 1, f"(l) = -l,f"'(l) = 2, f< 4 >(l) = -6; 



In x = (x - 1) - 



(x-l) 2 , (x-1) 3 (x- l) 4 



+ 



3 



+ 



13. f(x) = cos x with a = 22 tt => f(227r) = 1, f'(227r) = 0, f"(227r) = -1, f"'(227r) = 0, f< 4 >(227r) = 1, 
f (5) (227T) = 0. f (6) (227r) = -1; cos x = 1 - \ (x - 22 t r) 2 + i (x - 22 tt) 4 - i (x - 22 tt) 6 + . . . 

14. f(x) = tan" 1 x with a = 1 => f(l) = f , f'(l) = * , f"(l) = - 1 , f"'(l) = * ; 

tan- 1 x = f + + ... 



15. Yes, the sequence converges: c n — (a n + b 11 ) 



np/n 



Cn = b ( ( r 



((r) n + 1 ) 1/n ^ lim c n = In b + lim 

Wb/ ) n ^ oo n^oo n 



= In b + lim ^ = In b + °,| n JP = In b since 0 < a < b. Thus, lim c n = e ln b = b. 

n— >oo ( 5 ) + 1 0+1 n -» oo 



16. 1 + ig + 102 + 1^3 + 104 + + ^6 + ••• - 1 +E 10®=I +E 10®=T + H it 

n=l n=l n=l 

JZ + (4 

(w) 3 !-(A) 3 



_ 1 I y' 2 I 3 , y' 7 _ t , (to) i Uo 2 J i UP 3 / 

1 ' Z-/ io 3n+1 ' -Z/ io 3n+2 ' Z-/ io 3n + 3 1 ' | _ / j _\ 3 ' i _ /j _\ 3 ' i _ ( i _ > 

n=0 n=0 n=0 1 V io7 1 ' • 1 1 ■ 



_ i | 200 | 30 , 7 _ 999+237 _ 412 

1 ^ 999 “T 999 -T 999 999 333 



n-1 pk+1 



dx 



■ to 


1 + X 2 


=> lim ! 


3 n = lim 


n — 


■» oo 


n — > oo 


lim 


Un+l 


= lim 


n — ► cxD 


u n 


n — ► oo 



s “-/oZ + I 143? + ••• + L ,TT? =► s " - fo 



dx 

1+x 2 



(n + 1 )x n+1 (n+l)(2x+l) n 

(n + 2)(2x+ l) n ^ 1 ' nx n 



= lim 

n — > oo 



x _ (n + l) 2 
2x + 1 n(n + 2) 



I 2x+ 1 



< l 



=> |x| < |2x + 1| ; if x > 0, |x| < |2x + 1| => x < 2x + 1 =>■ x > — 1; if - J, < x < 0, |x| < |2x + 1| 

=> — x < 2x + 1 => 3x > — 1 => x > — j ; if x < — | , |x| < |2x + lj — x < — 2x — 1 => x < — 1. Therefore, 

the series converges absolutely for x < — 1 and x > — l . 



19. (a) No, the limit does not appear to depend on the value of the constant a 
(b) Yes, the limit depends on the value of b 



(c) s =(l-^)' 



In 1 



In s = 



G) 



lim In s = 

n — > oo 



— £ sin ( £ ) + cos 



= .. lim . ^ ^ = -1 =>• n lirn c s = e- 1 « 0.3678794412; similarly. 



n — > oo i _ ! 



lim 

n — ► oo 






-i/b 



20. Y] a n converges =>■ lim a n = 0; lim 

° n ^ oo n ^ oo 

n=l 



( 1± fu.)”j 1/1 = ^ 



1+sin 0 
2 



the series converges by the nth-Root Test 
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21. lim Ssti < 1 => lim • STE 

n — > oo u„ n — > oo ln(n+ 1) b n x n 



< 1 => |bx| < 1 



~5< x <5= 5 =* b = ±5 



22. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, In x and 
e x have infinitely many nonzero terms in their Taylor expansions. 



23. lim sin(ax) ~ sinx — x = lim 



( a< a 3! + ') ( x 3!+ •■) x _ [ a -2 a 3 , 1 fa 5 l\ 2 , 

X 3 - X IU P 0 X- 3! 3! \^5! 5!y X + "• 



is finite if a — 2 = 0 =>■ a=2; lim 

x — > 0 



sin 2 x — sin x - 



¥_ , J_ _ _ 7 
3! ' r 3! — 6 



24. lim cosax r b = -1 lim 

x — * 0 2x x — 0 

=4> b = 1 and a = ± 2 



1 -b _ , a 2 x 2 _ A _i 

2 x 2 4 ^ 48 " • J ~ 1 



25. LLT = = 1 + S + ? C = 2 > 1 and E J, converges 

n=l 

co 

(b) pp = ^ = 1 + 5 + iF ^ C = 1 < 1 and E 5 diverges 



_Un_ _ 2n(2n+ 1) _ 4n 2 + 2n _ 1 , U) j. 5 - 1 4 . ill , U 4 ” 2 ~ 

u ' u n+ i (2n - 1 ) 2 ~ 4 n» — "■% . | 1 ' n T 4#:- 4n + 1 1 ~ r n " r 



after long division 



C = I > 1 and | f (n) | = 



j — f — pr <5 => XI u n converges by Raabe's Test 

( 4 — + -9 ) n =i 



27. (a) E a„ = L => a 2 < a n E a n = a n L => E a n converges by the Direct Comparison Test 

n=l n=l n=l 

( a n ^ 00 

(b) converges by the Limit Comparison Test: lim x 1 - a ° ' — lim = 1 since E a n converges and 

n n n=l 

therefore lim a n = 0 

X — > 00 

28. If 0 < a n < 1 then jin (1 - a n )| = - In (1 - a n ) = a n + ^ ^ + . . . < a n + a 2 + a„ + . . . = yr^ , 

a positive term of a convergent series, by the Limit Comparison Test and Exercise 27b 

CO CO 

29. (1 — xC 1 = 1 + E x " where |x| < 1 =>■ (1 ^ x y, = ^ (1 — x) -1 = E nx 11 ^ 1 and when x = 2 we have 

n=l n=l 

4=l+2(i) + 3(i) 2 + 4(i) 3 + ... + n(I) n - 1 + ... 

CO . CO 9 OO CO 

30. (a) Ex n+1 = iE =* E6i+l)x n = ^; => E"(n+r'^ =* E n (n + Dx n = ^ 

n=l n=l n=l n=l 

co 2 

xp nfn + 1) _ j _ 2x 2 I I ^ 1 

=? 2 -^ x" / , 1 \ 3 — (x — 1 ) 3 ’ l X l ^ 1 

n=1 l 1 "SC 



(b) x = E 

n=l 



= E ^ =*► x = =*► x 3 - 3x 2 +x - 1 = 0 => x = 1 + (l + ' + (l - Jf) 



2.769292, using a CAS or calculator 



31. (a) (prjji = p ( pzj) = p(l + x + x 2 +x 3 + ...) = l+2x + 3x 2 + 4x 3 + . . . ^E^ 1 



OO — 1 I t 

(b) from part (a) we have E n (f ) n ~ (g) = (g) ppprr 

n=l L '- 6 ' J 
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(c) from part (a) we have E np n ^ ^ 



OO OO / 1 \ oo oo oo 

32. (a) E Pk = E 2 - k = W = J and E(x) = J2 k Pk = E k2- k = i E k2^ k = (i) = 2 

k=l k=l '■ 2 ' k=l k=l k=l L* tall 

by Exercise 31(a) 

<t» Eft = E ¥ = IE (!) =()) tAt =landE(x) = E k p k = E k A = I E k (i) 

k=l k=l k=l L WJ k=l k=l k=l 

= ^ Mlf =6 

OO OO OO OO OO / \ 

(C) E Pk = E kikTT) = E (e - kil) = , lim I 1 ~ kTl) = 1 and E « = E k Pk = E k (e^Vt)) 

k=l k=l k=l K > OO k=l k=l x ' 

oo 

= ^2 — j-|- , a divergent series so that E(x) does not exist 

k=l 



oo , , 

5 E k(|) 



33. (a) R n = C 0 e~ kt ° + C 0 e~ 2kt ° + . . . + C 0 e“ nkt » = C ° e ^j =I f° ho1 => R = Q lim^ R n = ^ 

e_1 -e~ J ) p, — „-i ^ a r,„ — e_1 (1 " e ~ 10 ) 



1 _ e - kt o e kt o - 1 



(b) R n = e ~ /_;_ e r 1 => Ri = e- 1 « 0.36787944 and Ri 0 = e > « 0.58195028; 

R = E~ 0.58197671; R — Ri 0 « 0.00002643 => ^T 11 < °- 0001 

(c) R » = A^,! = HprkT)- 4.7541659; R„>! =» ^ > 0) (A) 

=► 1 - e-"/ 10 > i => e^ n / 10 < i => - i < In (i) =► ^ > -In Q) ^ n > 6.93 => n = 7 



34. (a) R = 4 l =» Re kt » = R + C 0 = C H => e kt » = ^ => t 0 = 1 In (g) 

(b) t 0 = 0 [ )5 In e = 20 hrs 

(c) Give an initial dose that produces a concentration of 2 mg/ml followed every to = ^ In (^) « 69.31 hrs 
by a dose that raises the concentration by 1.5 mg/ml 

(d) t 0 = ^5 In (|A) = 5 In (y) « 6 hrs 
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NOTES: 
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